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Abstract. We derive expressions for the energy, linear momentum, and angular momentum content of 
circularly polarized Laguerre-Gaussian wave-packets propagating in free space. The vectorial nature of the 
electromagnetic field is taken into account, and the various consequences of paraxial approximation, which is 
typically invoked in theoretical treatments of the Laguerre-Gaussian beams, are examined. 
1. Introduction. The Laguerre-Gaussian beams, constructed from Laguerre polynomials with a 
Gaussian envelope, are an orthogonal set of electromagnetic (EM) field modes that can carry orbital 
as well as spin angular momentum.1-4 The phase vorticity of these beams, which can be any 
arbitrary integer-multiple of 2𝜋𝜋 around the axis of propagation, is responsible 
for their orbital angular momentum, while their degree of circular polarization, 
which may fall anywhere between the states of left- and right-circular 
polarization, endows them with a spin angular momentum.5 A Laguerre-
Gaussian beam propagating in a transparent, linear, homogeneous and isotropic 
medium preserves its general shape, although its overall size and curvature 
phase-factor change continuously along the axis of propagation. In general, the 
energy and linear momentum as well as the spin and orbital angular momenta of 
any wave-packet propagating within a transparent, linear, homogeneous, and 
isotropic medium are conserved. 
The goal of the present paper is to provide a framework for analyzing the properties of 
Laguerre-Gaussian and similar wave-packets while accounting for the vectorial nature of the 
underlying EM field. We also retain the obliquity factors that are often ignored (or discounted) in 
tranditional scalar and paraxial treatments of such beams, so that, when necessary, one can obtain 
quantitative estimates of the effects of paraxial approximation that is part and parcel of the 
traditional treatment. 
We begin in Sec.2 with the general definition of Laguerre-Gaussian beams as scalar field 
amplitude distribitions in the 𝑥𝑥𝑥𝑥-plane of a Cartesian coordinate system. Then, in Sec.3, we derive 
the Fourier transform of the beam profile, which is the starting point for all discussions of the 
physical properties of Laguerre-Gaussian beams. The plane-wave spectrum obtained via spatial 
Fourier transformation is used in Sec.4 to arrive at an overall spatio-temporal description of a wave-
packet as the basis for our subsequent analysis. Section 5 is devoted to a discussion of the EM 
energy content of Laguerre-Gaussian beams. Following a brief description of the linear momentum 
of the wave-packet in Sec.6, we analyze the wave-packet’s angular momentum in Sec.7, where we 
derive expressions for both the spin and orbital angular momenta of the packet. The paper closes 
with a discussion of Bessel-Gaussian beams,6 and a review of the similarities and differences 
between this class and the class of Laguerre-Gaussian beams. Straightforward (but often tedious) 
computational details are relegated to appendices at the end of the paper. 
2. Preliminaries. Denoting by (𝑟𝑟,𝜑𝜑) the polar coordinates of the point (𝑥𝑥,𝑥𝑥), the complex 
amplitude of a scalar Laguerre-Gaussian beam in the 𝑥𝑥𝑥𝑥-plane at 𝑧𝑧 = 0 is 
 𝑎𝑎(𝑟𝑟,𝜑𝜑) = 𝑎𝑎0𝑟𝑟𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝛼𝛼𝑟𝑟2)𝑒𝑒−𝛽𝛽𝑟𝑟2𝑒𝑒±i𝜈𝜈𝜈𝜈, (1) 
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where 𝑛𝑛 ≥ 0 and 𝜈𝜈 ≥ 0 are integers, and 𝑎𝑎0,𝛼𝛼,𝛽𝛽 are arbitrary parameters. The ± sign is meant to 
indicate that the phase vorticity is either clockwise or counterclockwise. Here, we have omitted the 
time-dependence factor 𝑒𝑒−i𝜔𝜔𝜔𝜔, which is associated with a monochromatic beam of single frequency 
𝜔𝜔; this factor will make its appearance later on, when we treat wave-packets that contain a narrow 
band of frequencies. 
Relevant properties of the Laguerre polynomials and the Laguerre-Gauss functions are listed in 
Appendix A. To ensure the orthogonality of profiles that have the same 𝜈𝜈 but different 𝑛𝑛 indices, it 
is necessary to set 𝛼𝛼 = 2𝛽𝛽. The integrated intensity in the 𝑥𝑥𝑥𝑥-plane is then given by 
 � |𝑎𝑎0|2𝑟𝑟2𝜈𝜈[𝐿𝐿𝑛𝑛𝜈𝜈 (𝛼𝛼𝑟𝑟2)]2𝑒𝑒−𝛼𝛼𝑟𝑟22𝜋𝜋𝑟𝑟d𝑟𝑟∞
𝑟𝑟=0
= 𝜋𝜋|𝑎𝑎0|2
𝛼𝛼𝜈𝜈+1
∫ 𝑥𝑥𝜈𝜈[𝐿𝐿𝑛𝑛𝜈𝜈 (𝑥𝑥)]2𝑒𝑒−𝑥𝑥d𝑥𝑥∞0 = 𝜋𝜋|𝑎𝑎0|2(𝑛𝑛+𝜈𝜈)!𝛼𝛼𝜈𝜈+1 𝑛𝑛! . (2) 
It is standard practice to introduce a waist parameter 𝑤𝑤0 by setting 𝛼𝛼 = 2𝛽𝛽 = 2 𝑤𝑤02⁄ , and to 
normalize the integrated intensity to 1.0 by setting 𝑎𝑎0 = �2𝜈𝜈+1 (𝑛𝑛!) 𝑤𝑤0𝜈𝜈+1�𝜋𝜋(𝑛𝑛 + 𝜈𝜈)!� , in which case 
the complex amplitude profile of the normalized Laguerre-Gauss beam at its waist will be 
 𝑎𝑎(𝑥𝑥, 𝑥𝑥, 𝑧𝑧 = 0) = 𝑎𝑎(𝑟𝑟,𝜑𝜑, 𝑧𝑧 = 0) = �2(𝑛𝑛!)
𝑤𝑤0�𝜋𝜋(𝑛𝑛+𝜈𝜈)! �√2𝑟𝑟𝑤𝑤0 �𝜈𝜈 𝐿𝐿𝑛𝑛𝜈𝜈 �2𝑟𝑟2𝑤𝑤02 � 𝑒𝑒−(𝑟𝑟 𝑤𝑤0⁄ )2𝑒𝑒±i𝜈𝜈𝜈𝜈. (3) 
Appendix B shows that monochromatic Laguerre-Gauss beams retain their general shape and 
overall mathematical structure as they propagate in free space — indeed in any transparent, linear, 
homogeneous and isotropic medium — provided that one limits the analysis to the paraxial 
regime,7,8 where the spatial frequencies are relatively small, and where the vectorial nature of the 
EM field is of little consequence. This important characteristic of the Laguerre-Gaussian beams, 
however, is not relevant to the concerns of the present paper, where the focus will be on the angular 
momentum content of wave-packets formed by the superposition of a narrow band of temporal 
frequencies 𝜔𝜔, all having the same Laguerre-Gaussian structure at their common waist plane. 
Therefore, in what follows, we shall use the simpler form 𝑎𝑎0𝑟𝑟𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝛼𝛼𝑟𝑟2)𝑒𝑒−𝛼𝛼𝑟𝑟2 2⁄ 𝑒𝑒±i𝜈𝜈𝜈𝜈 of the 
monochromatic components of these beams, but explicitly take into account the time-dependence 
factor 𝑒𝑒−i𝜔𝜔𝜔𝜔, and allow for the amplitude 𝑎𝑎0 to be a function of the frequency 𝜔𝜔. 
3. Fourier transformation. Denoting the projection 𝑘𝑘𝑥𝑥𝒙𝒙� + 𝑘𝑘𝑦𝑦𝒚𝒚� of the 𝑘𝑘-vector onto the 𝑥𝑥𝑥𝑥-plane 
by (𝑘𝑘⊥,𝜓𝜓) in polar coordinate representation, the Fourier transform of the Laguerre-Gaussian 
function is found to be 
 � � 𝑟𝑟𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝛼𝛼𝑟𝑟2)𝑒𝑒−𝛼𝛼𝑟𝑟2 2⁄ 𝑒𝑒±i𝜈𝜈𝜈𝜈𝑒𝑒−i𝑘𝑘⊥𝑟𝑟 cos(𝜓𝜓−𝜈𝜈)𝑟𝑟d𝜑𝜑d𝑟𝑟2𝜋𝜋
𝜑𝜑=0
∞
𝑟𝑟=0
 
 = 2𝜋𝜋𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋) � 𝑟𝑟𝜈𝜈+1𝐿𝐿𝑛𝑛𝜈𝜈 (𝛼𝛼𝑟𝑟2)𝑒𝑒−𝛼𝛼𝑟𝑟2 2⁄ 𝐽𝐽𝜈𝜈(𝑘𝑘⊥𝑟𝑟)d𝑟𝑟∞
0
 
 = (−1)𝑛𝑛2𝜋𝜋𝛼𝛼−(𝜈𝜈+1)𝑘𝑘⊥𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )𝑒𝑒−𝑘𝑘⊥2 2𝛼𝛼⁄ 𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋) . (4) 
In addition to Eq.(A5) of Appendix A, the following identities have been used in this derivation: 
 𝑘𝑘𝑥𝑥𝑥𝑥 + 𝑘𝑘𝑦𝑦𝑥𝑥 = 𝑘𝑘⊥𝑟𝑟 cos(𝜓𝜓 − 𝜑𝜑). (5) 
 ∫ exp(−i𝜈𝜈𝜈𝜈 + i𝑧𝑧 sin𝜈𝜈) d𝜈𝜈𝜋𝜋
−𝜋𝜋
= 2𝜋𝜋𝐽𝐽𝜈𝜈(𝑧𝑧). (𝜈𝜈 integer; G&R 8.411-1)9 (6) 
The inverse Fourier transform relation is readily confirmed, as follows: 
 1(2𝜋𝜋)2 � � (−1)𝑛𝑛2𝜋𝜋𝛼𝛼−(𝜈𝜈+1)𝑘𝑘⊥𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )𝑒𝑒−𝑘𝑘⊥2 2𝛼𝛼⁄ 𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋) 𝑒𝑒i𝑘𝑘⊥𝑟𝑟 cos(𝜈𝜈−𝜓𝜓)𝑘𝑘⊥d𝜓𝜓d𝑘𝑘⊥2𝜋𝜋𝜓𝜓=0∞
𝑘𝑘⊥=0
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 = (−1)𝑛𝑛𝛼𝛼−(𝜈𝜈+1)𝑒𝑒±i𝜈𝜈𝜈𝜈 � 𝑘𝑘⊥𝜈𝜈+1𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )𝑒𝑒−𝑘𝑘⊥2 2𝛼𝛼⁄ 𝐽𝐽𝜈𝜈(𝑘𝑘⊥𝑟𝑟)d𝑘𝑘⊥∞
𝑘𝑘⊥=0
 
 = 𝑟𝑟𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝛼𝛼𝑟𝑟2)𝑒𝑒−𝛼𝛼𝑟𝑟2 2⁄ 𝑒𝑒±i𝜈𝜈𝜈𝜈. (7) 
This decomposition of the Laguerre-Gauss profile into its spatial frequency components is the 
starting point of our vectorial treatment of the corresponding wave-packet in the next section. It is 
also the basis for the scalar treatment of monochromatic beams in Appendix B, where each 
constituent plane-wave is allowed to propagate independently of all the others, before these plane-
waves are recombined to form the final amplitude distribution within a destination plane. The 
dispersion relation in free space, namely, 𝒌𝒌 ∙ 𝒌𝒌 = 𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2 + 𝑘𝑘𝑧𝑧2 = 𝑘𝑘⊥2 + 𝑘𝑘𝑧𝑧2 = 𝑘𝑘02, where 𝑘𝑘0 = 𝜔𝜔 𝑐𝑐⁄  
is the wave-number and 𝑐𝑐 is the speed of light in vacuum, shall be used throughout.10,11 
4. The Laguerre-Gaussian wave-packet. Let a thin plate with a Laguerre-Gauss phase-amplitude 
profile located in the 𝑥𝑥𝑥𝑥-plane at 𝑧𝑧 = 0 be illuminated by a circularly-polarized plane-wave of 
frequency 𝜔𝜔0 that is modulated by a fairly broad envelope. Writing 𝑠𝑠𝜔𝜔 as an abbreviation for sign(𝜔𝜔), and ignoring the 𝑧𝑧-component of the 𝐸𝐸-field for the time being, the distribution emerging 
from the plate at 𝑧𝑧 = 0+ will be 
 𝑬𝑬(𝑥𝑥, 𝑥𝑥, 𝑧𝑧 = 0+, 𝑡𝑡) = (2𝜋𝜋)−1 � 𝑟𝑟𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝛼𝛼𝑟𝑟2)𝑒𝑒−𝛼𝛼𝑟𝑟2 2⁄ 𝑒𝑒±i𝑠𝑠𝜔𝜔𝜈𝜈𝜈𝜈𝐸𝐸0(𝜔𝜔)(𝒙𝒙� + i𝑠𝑠𝜔𝜔𝒚𝒚�)𝑒𝑒−i𝜔𝜔𝜔𝜔d𝜔𝜔∞−∞ . (8) 
Aside from the implicit assumption 𝐸𝐸0(−𝜔𝜔) = 𝐸𝐸0∗(𝜔𝜔), note that 𝑠𝑠𝜔𝜔 has been introduced in 
Eq.(8) to ensure that the integrand is Hermitian. Next, we introduce the 𝑧𝑧-component 𝑘𝑘𝑧𝑧 of the 𝑘𝑘-
vector, and use the fact that 𝒌𝒌 ∙ 𝑬𝑬 = 0 to relate 𝐸𝐸𝑧𝑧 to 𝐸𝐸𝑥𝑥 and 𝐸𝐸𝑦𝑦, as follows: 
 𝑘𝑘𝑧𝑧 = (𝜔𝜔 𝑐𝑐⁄ )�1 − (𝑐𝑐 𝜔𝜔⁄ )2(𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2) = (𝜔𝜔 𝑐𝑐⁄ )�1 − (𝑐𝑐𝑘𝑘⊥ 𝜔𝜔⁄ )2. (9a) 
 𝜕𝜕𝑘𝑘𝑧𝑧 𝜕𝜕𝜔𝜔⁄ = [𝑐𝑐�1 − (𝑐𝑐𝑘𝑘⊥ 𝜔𝜔⁄ )2]−1 = (𝑐𝑐2𝑘𝑘𝑧𝑧 𝜔𝜔⁄ )−1. (9b) 
 𝑬𝑬0(𝒌𝒌,𝜔𝜔) = 𝐸𝐸0(𝜔𝜔)�𝒙𝒙� + i𝑠𝑠𝜔𝜔𝒚𝒚� − (𝑘𝑘𝑥𝑥 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝒛𝒛� 𝑘𝑘𝑧𝑧⁄ �. (10) 
Invoking the inverse Fourier transform identity given in Eq.(7), we will have 
 𝑬𝑬(𝒓𝒓, 𝑡𝑡) = (−1)𝑛𝑛
4𝜋𝜋2𝛼𝛼𝜈𝜈+1
� 𝑬𝑬0(𝒌𝒌,𝜔𝜔)𝑘𝑘⊥𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )𝑒𝑒−𝑘𝑘⊥2 2𝛼𝛼⁄ 𝑒𝑒i𝑠𝑠𝜔𝜔𝜈𝜈(±𝜓𝜓−½𝜋𝜋)𝑒𝑒i(𝑘𝑘𝑥𝑥𝑥𝑥+𝑘𝑘𝑦𝑦𝑦𝑦+𝑘𝑘𝑧𝑧𝑧𝑧−𝜔𝜔𝜔𝜔)d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔∞−∞ . (11) 
The corresponding 𝐻𝐻-field is found from Maxwell’s equation 𝜵𝜵 × 𝑬𝑬 = −𝜕𝜕𝜔𝜔𝑩𝑩, as follows: 
 𝒌𝒌 × 𝑬𝑬0 = 𝜇𝜇0𝜔𝜔𝑯𝑯0   →    𝑯𝑯0 = (𝑐𝑐𝒌𝒌 𝜔𝜔⁄ ) × 𝑬𝑬0 𝑍𝑍0⁄ . (12) 
 𝑯𝑯0(𝒌𝒌,𝜔𝜔) = −𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 ��𝑘𝑘𝑦𝑦(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑧𝑧� 𝒙𝒙� − �𝑘𝑘𝑥𝑥(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧� 𝒚𝒚� + (𝑘𝑘𝑦𝑦 − i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥)𝒛𝒛��. (13) 
These equations now yield the following special form of the Poynting vector that will be 
needed in the next section:  
 𝑬𝑬0(𝒌𝒌,𝜔𝜔) × 𝑯𝑯0(−𝒌𝒌,−𝜔𝜔) = [𝑬𝑬0(𝒌𝒌,𝜔𝜔) ∙ 𝑬𝑬0(−𝒌𝒌,−𝜔𝜔)](𝑐𝑐𝒌𝒌 𝑍𝑍0𝜔𝜔⁄ )− (𝑐𝑐 𝑍𝑍0𝜔𝜔⁄ )[𝒌𝒌 ∙ 𝑬𝑬0(𝒌𝒌,𝜔𝜔)]𝑬𝑬0(−𝒌𝒌,−𝜔𝜔) 
 = 𝑍𝑍0−1|𝐸𝐸0(𝜔𝜔)|2�1 + 1 + (𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2) 𝑘𝑘𝑧𝑧2⁄ �(𝑐𝑐𝒌𝒌 𝜔𝜔⁄ ) 
 = 𝑍𝑍0−1|𝐸𝐸0(𝜔𝜔)|2[1 + (𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄ )−2](𝑐𝑐𝒌𝒌 𝜔𝜔⁄ ). (14) 
5. Energy content of the wave-packet. Upon integrating the Poynting vector 𝑺𝑺(𝒓𝒓, 𝑡𝑡) = 𝑬𝑬(𝒓𝒓, 𝑡𝑡) ×
𝑯𝑯(𝒓𝒓, 𝑡𝑡) over an 𝑥𝑥𝑥𝑥-plane at an arbitrary fixed point 𝑧𝑧 = 𝑧𝑧0, and also over all time 𝑡𝑡 (from −∞ to 
0 
𝑍𝑍0 = (𝜇𝜇0 𝜀𝜀0⁄ )½ is the impedance of free space. 
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∞), we encounter the following integral whose expression in terms of Dirac’s 𝛿𝛿-functions 
considerably simplifies our subsequent calculations: 
 � exp[i(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝑥𝑥 + i(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ ) 𝑥𝑥 − i(𝜔𝜔 + 𝜔𝜔′)𝑡𝑡] d𝑥𝑥d𝑥𝑥d𝑡𝑡∞−∞ = (2𝜋𝜋)3𝛿𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )𝛿𝛿(𝜔𝜔 + 𝜔𝜔′). (15) 
Appendix C describes the sifting property of 𝛿𝛿(𝜁𝜁) and its derivative ?̇?𝛿(𝜁𝜁) in some detail. The 
over-dot represents differentiation with respect to the argument of the function. (Although the 
discussion in the present section relies solely on the sifting property of the 𝛿𝛿-function, the 
corresponding property of its derivative, ?̇?𝛿, will be needed in Sec.7.) The sifting property enables 
one to write ∫ 𝛿𝛿(𝜁𝜁 + 𝜁𝜁′)𝑓𝑓(𝜁𝜁′)d𝜁𝜁′∞−∞ = 𝑓𝑓(−𝜁𝜁) and ∫ ?̇?𝛿(𝜁𝜁 + 𝜁𝜁′)𝑓𝑓(𝜁𝜁′)d𝜁𝜁′∞−∞ = −?̇?𝑓(−𝜁𝜁). 
With the aid of Eqs.(11), (14), and (15), the total energy content of the Laguerre-Gaussian 
wave-packet is found to be 
 ℰ = ∭ 𝑆𝑆𝑧𝑧(𝑥𝑥,𝑥𝑥, 𝑧𝑧 = 𝑧𝑧0, 𝑡𝑡)d𝑥𝑥d𝑥𝑥d𝑡𝑡∞−∞  
 = (−1)2𝑛𝑛
2𝜋𝜋𝛼𝛼2(𝜈𝜈+1)𝑍𝑍0� |𝐸𝐸0(𝜔𝜔)|2[(𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄ ) + (𝜔𝜔 𝑐𝑐𝑘𝑘𝑧𝑧⁄ )]𝑘𝑘⊥2𝜈𝜈[𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )]2𝑒𝑒−𝑘𝑘⊥2 𝛼𝛼⁄ d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔∞−∞  
 ≅ 1
𝜋𝜋𝛼𝛼2(𝜈𝜈+1)𝑍𝑍0 �∫ |𝐸𝐸0(𝜔𝜔)|2d𝜔𝜔∞−∞ � � 𝑘𝑘⊥2𝜈𝜈[𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )]2𝑒𝑒−𝑘𝑘⊥2 𝛼𝛼⁄ 2𝜋𝜋𝑘𝑘⊥d𝑘𝑘⊥∞0  
 = 1
𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) �∫ |𝐸𝐸0(𝜔𝜔)|2d𝜔𝜔∞−∞ �� 𝑥𝑥𝜈𝜈[𝐿𝐿𝑛𝑛𝜈𝜈 (𝑥𝑥 𝛼𝛼⁄ )]2𝑒𝑒−𝑥𝑥 𝛼𝛼⁄ d𝑥𝑥∞0 . (16) 
Changing the integration variable to 𝑥𝑥 = 𝑥𝑥 𝛼𝛼⁄ , invoking Eq.(A4) of Appendix A, and using 
Parseval’s theorem, namely, ∫ |𝐸𝐸0(𝜔𝜔)|2d𝜔𝜔∞−∞ = 2𝜋𝜋 ∫ 𝐸𝐸2(𝑡𝑡)d𝑡𝑡∞−∞ , we find 
 ℰ ≅ 2𝜋𝜋 (𝑛𝑛+𝜈𝜈)! 
𝑍𝑍0𝛼𝛼𝜈𝜈+1 𝑛𝑛! ∫ 𝐸𝐸2(𝑡𝑡)d𝑡𝑡∞−∞ . (17) 
Compared with Eq.(2), the extra factor of 2 appearing in the above equation is due to the 
circular polarization of the wave-packet. Paraxial approximation is seen to have been invoked in 
Eq.(16), when the coefficient (𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄ ) + (𝜔𝜔 𝑐𝑐𝑘𝑘𝑧𝑧⁄ ) of the integrand is approximated with 2. 
Considering that this coefficient is the sum of the obliquity factor 𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄  and its inverse, the 
approximation is quite reasonable even when 𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄  drops to as low a value as ~0.75. 
6. Linear momentum. The EM momentum density in free space is 𝑺𝑺(𝒓𝒓, 𝑡𝑡) 𝑐𝑐2⁄ .10,11 The circular 
symmetry of 𝒌𝒌 ensures that the integrated momentum is aligned with the 𝑧𝑧-axis. To find the overall 
momentum 𝓹𝓹 of a Laguerre-Gauss wave-packet, the integral in Eq.(16) must be taken over 𝑥𝑥𝑥𝑥𝑧𝑧 
while 𝑡𝑡 is fixed at an arbitrary 𝑡𝑡0. Thus, in place of 𝛿𝛿(𝜔𝜔 + 𝜔𝜔′), we end up with 𝛿𝛿(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′ ) =
𝑐𝑐(𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄ )𝛿𝛿(𝜔𝜔 + 𝜔𝜔′); see Eq.(9). The integrand in Eq.(16) will now be multiplied by the obliquity 
factor 𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄ . Aside from this small reduction in the overall momentum (caused by the obliquity of 
𝒌𝒌), the total momentum of the wave-packet is found to be 𝓹𝓹 = (ℰ 𝑐𝑐⁄ )𝒛𝒛�. In the language of quantum 
optics, where the wave packet contains a large number of photons of energy ℏ𝜔𝜔, the linear 
momentum per photon is approximately (ℏ𝜔𝜔 𝑐𝑐⁄ )𝒛𝒛�. 
We mention in passing that it is also possible to integrate the momentum density 𝑺𝑺(𝒓𝒓, 𝑡𝑡) 𝑐𝑐2⁄  
over 𝑥𝑥,𝑥𝑥, 𝑡𝑡 at a fixed plane 𝑧𝑧 = 𝑧𝑧0. One must take care, however, to account for the rate of flow (per 
unit time) of linear momentum-density across the fixed plane, which is 𝑐𝑐 times 𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄ , due to the 
obliquity factor associated with each constituent plane-wave. Once this obliquity factor is taken into 
account, the result of integration over 𝑥𝑥,𝑥𝑥, 𝑡𝑡 at fixed 𝑧𝑧 = 𝑧𝑧0 will be identical with that obtained by 
integration over 𝑥𝑥,𝑥𝑥, 𝑧𝑧 at fixed 𝑡𝑡 = 𝑡𝑡0. 
≅ 2 
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7. Angular momentum. We compute the total angular momentum of our circularly polarized 
wave-packet, whose 𝐸𝐸-field distribution is given by Eq.(11), with 𝑬𝑬0(𝒌𝒌,𝜔𝜔) given in Eq.(10). The 
expression for the 𝐻𝐻-field is similar to that of the 𝐸𝐸-field in Eq.(11), except that 𝑬𝑬0(𝒌𝒌,𝜔𝜔) is now 
replaced with 𝑯𝑯0(𝒌𝒌,𝜔𝜔) of Eq.(13). Integrating the EM angular momentum density of the packet 
over the entire 𝑥𝑥𝑥𝑥𝑧𝑧 space at a fixed (but otherwise arbitrary) instant in time, we will have10,11 
 𝓛𝓛(𝑡𝑡0) = 𝑐𝑐−2∭ 𝒓𝒓 × 𝑺𝑺(𝒓𝒓, 𝑡𝑡 = 𝑡𝑡0)d𝑥𝑥d𝑥𝑥d𝑧𝑧∞−∞ . (18) 
Upon substituting 𝑬𝑬 × 𝑯𝑯 for the Poynting vector 𝑺𝑺, and rearranging the order of integration, 
Eq.(18) becomes 
 𝓛𝓛 = (−1)2𝑛𝑛(2𝜋𝜋)4𝛼𝛼2(𝜈𝜈+1)𝑐𝑐2 � 𝒓𝒓 × �� 𝑬𝑬(𝒌𝒌′,𝜔𝜔′)𝑒𝑒i�𝒌𝒌′∙ 𝒓𝒓 − 𝜔𝜔′𝜔𝜔0�d𝑘𝑘𝑥𝑥′ d𝑘𝑘𝑦𝑦′ d𝜔𝜔′∞−∞ × � 𝑯𝑯(𝒌𝒌,𝜔𝜔)𝑒𝑒i(𝒌𝒌 ∙ 𝒓𝒓 − 𝜔𝜔𝜔𝜔0)d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔∞−∞ �d𝑥𝑥d𝑥𝑥d𝑧𝑧∞
−∞
 
 = 1(2𝜋𝜋)4𝛼𝛼2(𝜈𝜈+1)𝑐𝑐2 ∫ �∫ (𝑥𝑥𝒙𝒙� + 𝑥𝑥𝒚𝒚� + 𝑧𝑧𝒛𝒛�) exp[i(𝒌𝒌 + 𝒌𝒌′) ∙ (𝑥𝑥𝒙𝒙� + 𝑥𝑥𝒚𝒚� + 𝑧𝑧𝒛𝒛�)] d𝑥𝑥d𝑥𝑥d𝑧𝑧∞−∞ �∞−∞  
 × [𝑬𝑬(𝒌𝒌′,𝜔𝜔′) × 𝑯𝑯(𝒌𝒌,𝜔𝜔)] exp[−i(𝜔𝜔 + 𝜔𝜔′)𝑡𝑡0] d𝑘𝑘𝑥𝑥′ d𝑘𝑘𝑦𝑦′ d𝜔𝜔′d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔. (19) 
In what follows, we set 𝑡𝑡0 = 0 to simplify the algebra, although the same line of reasoning can 
be used to show that the end result is independent of the value of 𝑡𝑡0. (In other words, the wave-
packet’s total angular momentum is conserved as it propagates through free space.) In Eq.(19), the 
inner integral over 𝑥𝑥𝑥𝑥𝑧𝑧 contains three terms of the following general form: 
 � 𝑥𝑥 exp[i(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝑥𝑥 + i(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )𝑥𝑥 + i(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′ )𝑧𝑧] d𝑥𝑥d𝑥𝑥d𝑧𝑧∞−∞ = −i(2𝜋𝜋)3?̇?𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )𝛿𝛿(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′). (20) 
Thus, upon carrying out the inner integral, Eq.(19) becomes 
 𝓛𝓛(0) = 1
i2𝜋𝜋𝑐𝑐2𝛼𝛼2(𝜈𝜈+1) � �?̇?𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )𝛿𝛿(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′)𝒙𝒙� + 𝛿𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )?̇?𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )𝛿𝛿(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′)𝒚𝒚�∞−∞  
 +𝛿𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )?̇?𝛿(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′)𝒛𝒛��× [𝑬𝑬(𝒌𝒌′,𝜔𝜔′) ×𝑯𝑯(𝒌𝒌,𝜔𝜔)]d𝑘𝑘𝑥𝑥′ d𝑘𝑘𝑦𝑦′ d𝜔𝜔′d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔. (21) 
The six-dimensional integral in Eq.(21) is amenable to further simplifications. Observing that 
 𝒓𝒓 × (𝑬𝑬 × 𝑯𝑯) = (𝑥𝑥𝒙𝒙� + 𝑥𝑥𝒚𝒚� + 𝑧𝑧𝒛𝒛�) × [(𝐸𝐸𝑦𝑦𝐻𝐻𝑧𝑧 − 𝐸𝐸𝑧𝑧𝐻𝐻𝑦𝑦)𝒙𝒙� + (𝐸𝐸𝑧𝑧𝐻𝐻𝑥𝑥 − 𝐸𝐸𝑥𝑥𝐻𝐻𝑧𝑧)𝒚𝒚� + (𝐸𝐸𝑥𝑥𝐻𝐻𝑦𝑦 − 𝐸𝐸𝑦𝑦𝐻𝐻𝑥𝑥)𝒛𝒛�] 
 = �𝑥𝑥𝐸𝐸𝑥𝑥𝐻𝐻𝑦𝑦 + 𝑧𝑧𝐸𝐸𝑥𝑥𝐻𝐻𝑧𝑧 − (𝑥𝑥𝐸𝐸𝑦𝑦 + 𝑧𝑧𝐸𝐸𝑧𝑧)𝐻𝐻𝑥𝑥�𝒙𝒙� + �𝑧𝑧𝐸𝐸𝑦𝑦𝐻𝐻𝑧𝑧 + 𝑥𝑥𝐸𝐸𝑦𝑦𝐻𝐻𝑥𝑥 − (𝑧𝑧𝐸𝐸𝑧𝑧 + 𝑥𝑥𝐸𝐸𝑥𝑥)𝐻𝐻𝑦𝑦�𝒚𝒚� 
 +�𝑥𝑥𝐸𝐸𝑧𝑧𝐻𝐻𝑥𝑥 + 𝑥𝑥𝐸𝐸𝑧𝑧𝐻𝐻𝑦𝑦 − (𝑥𝑥𝐸𝐸𝑥𝑥 + 𝑥𝑥𝐸𝐸𝑦𝑦)𝐻𝐻𝑧𝑧�𝒛𝒛�, (22) 
we write 𝑬𝑬(𝒌𝒌′,𝜔𝜔′) and 𝑯𝑯(𝒌𝒌,𝜔𝜔) as 𝑬𝑬′ and 𝑯𝑯, and abbreviate ?̇?𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′)𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )𝛿𝛿(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′) as 
?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑧𝑧, etc., to arrive at the following streamlined version of Eq.(21): 
 ℒ𝑥𝑥 = 1i2𝜋𝜋𝑐𝑐2𝛼𝛼2(𝜈𝜈+1) � �𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑧𝑧𝐸𝐸𝑥𝑥′𝐻𝐻𝑦𝑦 + 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝑧𝑧𝐸𝐸𝑥𝑥′𝐻𝐻𝑧𝑧 − (𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑧𝑧𝐸𝐸𝑦𝑦′ + 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝑧𝑧𝐸𝐸𝑧𝑧′)𝐻𝐻𝑥𝑥�d𝑘𝑘𝑥𝑥′ d𝑘𝑘𝑦𝑦′ d𝜔𝜔′d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔∞−∞ . (23a) 
 ℒ𝑦𝑦 = 1i2𝜋𝜋𝑐𝑐2𝛼𝛼2(𝜈𝜈+1) � �𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝑧𝑧𝐸𝐸𝑦𝑦′𝐻𝐻𝑧𝑧 + ?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑧𝑧𝐸𝐸𝑦𝑦′𝐻𝐻𝑥𝑥 − (𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝑧𝑧𝐸𝐸𝑧𝑧′ + ?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑧𝑧𝐸𝐸𝑥𝑥′ )𝐻𝐻𝑦𝑦�d𝑘𝑘𝑥𝑥′ d𝑘𝑘𝑦𝑦′ d𝜔𝜔′d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔∞−∞ . (23b) 
 ℒ𝑧𝑧 = 1i2𝜋𝜋𝑐𝑐2𝛼𝛼2(𝜈𝜈+1) � �?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑧𝑧𝐸𝐸𝑧𝑧′𝐻𝐻𝑥𝑥 + 𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑧𝑧𝐸𝐸𝑧𝑧′𝐻𝐻𝑦𝑦 − (?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑧𝑧𝐸𝐸𝑥𝑥′ + 𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑧𝑧𝐸𝐸𝑦𝑦′ )𝐻𝐻𝑧𝑧�d𝑘𝑘𝑥𝑥′ d𝑘𝑘𝑦𝑦′ d𝜔𝜔′d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔∞−∞ . (23c) 
In these equations, ?̇?𝛿𝑧𝑧 = ?̇?𝛿(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′) is always accompanied by 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦, which means that, upon 
integrating over 𝑘𝑘𝑥𝑥′  and 𝑘𝑘𝑦𝑦′ , the argument of ?̇?𝛿(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′) reduces to a function of 𝑘𝑘𝑥𝑥, 𝑘𝑘𝑦𝑦, 𝜔𝜔 and 𝜔𝜔′, in 
which case, in accordance with Eqs.(9) and Appendix C, 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝑧𝑧 can be written as  
𝐻𝐻0(𝑘𝑘,𝜔𝜔)𝑘𝑘⊥𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )𝑒𝑒−𝑘𝑘⊥2 2𝛼𝛼⁄ 𝑒𝑒i𝑠𝑠𝜔𝜔𝜈𝜈(±𝜓𝜓−½𝜋𝜋) 𝐸𝐸0(𝑘𝑘′,𝜔𝜔′)𝑘𝑘⊥′𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥′2 𝛼𝛼⁄ )𝑒𝑒−𝑘𝑘⊥′2 2𝛼𝛼⁄ 𝑒𝑒i𝑠𝑠𝜔𝜔′ 𝜈𝜈(±𝜓𝜓′−½𝜋𝜋) 
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 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝑧𝑧 = (𝑐𝑐2𝑘𝑘𝑧𝑧 𝜔𝜔⁄ )2𝛿𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )?̇?𝛿(𝜔𝜔 + 𝜔𝜔′). (24) 
The other 𝛿𝛿-function triplets in Eqs.(23) require further attention, as differentiation with respect 
to either 𝑘𝑘𝑥𝑥′  or 𝑘𝑘𝑦𝑦′  affects 𝛿𝛿(𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧′) as well. It is not difficult to show that 
 ?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑧𝑧 = (𝑐𝑐2𝑘𝑘𝑧𝑧 𝜔𝜔⁄ )?̇?𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )𝛿𝛿(𝜔𝜔 + 𝜔𝜔′) − (𝑘𝑘𝑥𝑥 𝑘𝑘𝑧𝑧′⁄ )(𝑐𝑐2𝑘𝑘𝑧𝑧 𝜔𝜔⁄ )2𝛿𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )?̇?𝛿(𝜔𝜔 + 𝜔𝜔′). (25) 
 𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑧𝑧 = (𝑐𝑐2𝑘𝑘𝑧𝑧 𝜔𝜔⁄ )𝛿𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )?̇?𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )𝛿𝛿(𝜔𝜔 + 𝜔𝜔′) − (𝑘𝑘𝑦𝑦 𝑘𝑘𝑧𝑧′⁄ )(𝑐𝑐2𝑘𝑘𝑧𝑧 𝜔𝜔⁄ )2𝛿𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )?̇?𝛿(𝜔𝜔 + 𝜔𝜔′). (26) 
The integrals in Eqs.(23) are evaluated in Appendix D. The end result is that ℒ𝑥𝑥 = ℒ𝑦𝑦 = 0, and 
that the 𝑧𝑧-component of the wave-packet’s total angular momentum is given by 
 ℒ𝑧𝑧 = 1±𝜈𝜈𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) � |𝐸𝐸0(𝜔𝜔)|2|𝜔𝜔| � [(𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄ ) + (𝜔𝜔 𝑐𝑐𝑘𝑘𝑧𝑧⁄ )]𝑘𝑘⊥2𝜈𝜈[𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )]2𝑒𝑒−𝑘𝑘⊥2 𝛼𝛼⁄ 𝑘𝑘⊥d𝑘𝑘⊥d𝜔𝜔∞𝑘𝑘⊥=0∞𝜔𝜔=−∞ . (27) 
Assuming the obliquity factor 𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄  is close to 1, the integral over the 𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦-plane yields 
𝛼𝛼𝜈𝜈+1(𝑛𝑛 + 𝜈𝜈)! 𝑛𝑛!⁄ . Also, for a narrowband wave-packet, since |𝜔𝜔| ≅ 𝜔𝜔0, the integral of |𝐸𝐸(𝜔𝜔)|2 
over 𝜔𝜔 gives 2𝜋𝜋 ∫ 𝐸𝐸2(𝑡𝑡)d𝑡𝑡∞
−∞
. This makes the overall ℒ𝑧𝑧 very nearly equal to (1 ± 𝜈𝜈)ℰ 𝜔𝜔0⁄ ; see 
Eq.(17). While the contribution of orbital angular momentum to ℒ𝑧𝑧 is ±𝜈𝜈ℰ 𝜔𝜔0⁄ , that of the spin 
angular momentum (due to circular polarization) is ℰ 𝜔𝜔0⁄ . Had we chosen the opposite sense of 
circular polarization at the outset, we would have found ℒ𝑧𝑧 ≅ (−1 ± 𝜈𝜈)ℰ 𝜔𝜔0⁄ . In the language of 
quantum optics, a wave-packet containing a large number of photons of energy ℏ𝜔𝜔0, carries orbital 
and spin angular momenta per photon in the amounts of ±𝜈𝜈ℏ and ±ℏ, respectively. It is noteworthy 
that, while for a given energy content ℰ the linear momentum of the wave-packet steadily declines 
with a rising obliquity factor, the packet’s angular momentum retains its value as the beam gets 
further and further away from the paraxial regime. 
8. Concluding remarks. In this paper, we have described some of the important properties of the 
Laguerre-Gaussian beams, with emphasis on the vectorial nature of the underlying EM field, and 
with an eye toward the degree of approximation that the paraxial treatment of wave-packets would 
inevitably introduce into the quantitative results of our analysis. Similar arguments can be used to 
evaluate the energy, linear momentum, and angular momentum content of Bessel-Gauss beams in 
the paraxial regime.6,12 The scalar amplitude profile of a Bessel-Gauss beam in the 𝑥𝑥𝑥𝑥-plane at 
𝑧𝑧 = 0 is defined as 
 𝑎𝑎(𝑥𝑥,𝑥𝑥, 𝑧𝑧 = 0) = 𝑎𝑎(𝑟𝑟,𝜑𝜑, 𝑧𝑧 = 0) = 𝑎𝑎0 𝐽𝐽𝜈𝜈(𝑟𝑟 𝑟𝑟0⁄ )𝑒𝑒−(𝑟𝑟 𝑤𝑤0⁄ )2𝑒𝑒±i𝜈𝜈𝜈𝜈. (28) 
Here, the amplitude 𝑎𝑎0 is a (generally complex) constant; 𝐽𝐽𝜈𝜈(∙) is a Bessel function of the first 
kind, integer order 𝜈𝜈 ≥ 0; the parameters 𝑟𝑟0 > 0 and 𝑤𝑤0 > 0 are real-valued constants; and the ± 
signs specify the sense of the beam’s vorticity as either clockwise or counterclockwise. The beam’s 
integrated intensity is found to be (see Appendix E): 
 � |𝑎𝑎0|2𝐽𝐽𝜈𝜈2(𝑟𝑟 𝑟𝑟0⁄ )𝑒𝑒−2(𝑟𝑟 𝑤𝑤0⁄ )22𝜋𝜋𝑟𝑟d𝑟𝑟∞
0
= ½𝜋𝜋|𝑎𝑎0|2𝑤𝑤02𝑒𝑒−(𝑤𝑤0 2𝑟𝑟0⁄ )2𝐼𝐼𝜈𝜈(𝑤𝑤02 4𝑟𝑟02⁄ ). (29) 
In the above equation 𝐼𝐼𝜈𝜈(𝑥𝑥) = i−𝜈𝜈𝐽𝐽𝜈𝜈(i𝑥𝑥) is a modified Bessel function of the first kind, order 𝜈𝜈. 
One difference between the Laguerre-Gauss and Bessel-Gauss beams is that the latter class does not 
comprise an orthogonal set of basis functions that could be used to expand arbitrary beam profiles 
as a superposition of the basis functions. Another difference is that, upon propagation through 
transparent, linear, homogeneous, isotropic media, a Bessel-Gauss beam does not preserve its initial 
≅ 2 
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shape. Appendix E contains a brief description of the paraxial propagation of Bessel-Gauss beams 
in free space, where it is shown that the argument 𝑟𝑟 𝑟𝑟0⁄  of 𝐽𝐽𝜈𝜈(∙) in Eq.(28) becomes progressively 
more complex-valued along the propagation direction. Despite these differences, the Bessel-Gauss 
beams carry the same amount of linear momentum as well as spin and orbital angular momenta per 
photon as do the Laguerre-Gauss beams. The same approximations pertaining to the paraxial regime 
apply to both types of beams. 
Appendix A 
The relevant formulas for Laguerre polynomials and Laguerre-Gauss functions are listed in 
Gradshteyn and Ryzhik’s Table of Integrals, Series, and Products.9 The Laguerre polynomials 
𝐿𝐿𝑛𝑛
𝜈𝜈 (𝑥𝑥) satisfy the following differential equation: 
 𝑥𝑥 d
2𝑓𝑓(𝑥𝑥)
d𝑥𝑥2
+ (𝜈𝜈 − 𝑥𝑥 + 1) d𝑓𝑓(𝑥𝑥)
d𝑥𝑥
+ 𝑛𝑛𝑓𝑓(𝑥𝑥) = 0. (Gradshteyn & Ryzhik 8.979) (A1) 
Polynomial representation: 
 𝐿𝐿𝑛𝑛𝜈𝜈 (𝑥𝑥) = � (−1)𝑚𝑚 �𝑛𝑛 + 𝜈𝜈𝑛𝑛 − 𝑚𝑚� 𝑥𝑥𝑚𝑚𝑚𝑚!𝑛𝑛𝑚𝑚=0 . (G&R 8.970) (A2) 
Rodrigues’ formula: 
 𝐿𝐿𝑛𝑛𝜈𝜈 (𝑥𝑥) = 1𝑛𝑛! 𝑒𝑒𝑥𝑥𝑥𝑥−𝜈𝜈 d𝑛𝑛d𝑥𝑥𝑛𝑛 (𝑒𝑒−𝑥𝑥𝑥𝑥𝑛𝑛+𝜈𝜈). (G&R 8.970) (A3) 
Orthogonality: 
 ∫ 𝑥𝑥𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑥𝑥)𝐿𝐿𝑚𝑚𝜈𝜈 (𝑥𝑥)𝑒𝑒−𝑥𝑥d𝑥𝑥∞0 = � 0;                                     𝑚𝑚 ≠ 𝑛𝑛, Γ(𝜈𝜈 + 1) �𝑛𝑛 + 𝜈𝜈
𝑛𝑛
� ;       𝑚𝑚 = 𝑛𝑛. (G&R 8.980) (A4) 
Two-dimensional Fourier transformation: 
 � 𝑥𝑥𝜈𝜈+1𝐿𝐿𝑛𝑛𝜈𝜈 (𝛼𝛼𝑥𝑥2)𝑒𝑒−𝛽𝛽𝑥𝑥2𝐽𝐽𝜈𝜈(𝑘𝑘𝑥𝑥)d𝑥𝑥∞0 = [1−(𝛼𝛼 𝛽𝛽⁄ )]𝑛𝑛(2𝛽𝛽)𝜈𝜈+1 𝑘𝑘𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 � 𝛼𝛼𝑘𝑘24𝛽𝛽(𝛼𝛼−𝛽𝛽)� 𝑒𝑒−𝑘𝑘2 4𝛽𝛽⁄ . (G&R 7.421-4) (A5) 
Functional relations: 
 𝑥𝑥 d
d𝑥𝑥
𝐿𝐿𝑛𝑛
𝜈𝜈 (𝑥𝑥) = (𝑛𝑛 + 1)𝐿𝐿𝑛𝑛+1𝜈𝜈 (𝑥𝑥) − (𝑛𝑛 + 𝜈𝜈 + 1 − 𝑥𝑥)𝐿𝐿𝑛𝑛𝜈𝜈 (𝑥𝑥). (G&R 8.971-3,4) (A6) 
 𝑥𝑥 d
d𝑥𝑥
𝐿𝐿𝑛𝑛
𝜈𝜈 (𝑥𝑥) = 𝑛𝑛𝐿𝐿𝑛𝑛𝜈𝜈 (𝑥𝑥) − (𝑛𝑛 + 𝜈𝜈)𝐿𝐿𝑛𝑛−1𝜈𝜈 (𝑥𝑥). (A7) 
 𝑥𝑥𝐿𝐿𝑛𝑛𝜈𝜈+1(𝑥𝑥) = (𝑛𝑛 + 𝜈𝜈 + 1)𝐿𝐿𝑛𝑛𝜈𝜈 (𝑥𝑥) − (𝑛𝑛 + 1)𝐿𝐿𝑛𝑛+1𝜈𝜈 (𝑥𝑥) = (𝑛𝑛 + 𝜈𝜈)𝐿𝐿𝑛𝑛−1𝜈𝜈 (𝑥𝑥) − (𝑛𝑛 − 𝑥𝑥)𝐿𝐿𝑛𝑛𝜈𝜈 (𝑥𝑥). (A8) 
Appendix B 
In the paraxial approximation,7,8 a scalar Laguerre-Gaussian beam retains its general form as it 
propagates through a transparent, linear, homogeneous and isotropic medium. We set 𝑘𝑘𝑧𝑧 ≅
𝑘𝑘0[1 − ½(𝑘𝑘⊥ 𝑘𝑘0⁄ )2] for paraxial propagation in free space, and 𝑎𝑎0 = �2𝜈𝜈+1 𝑛𝑛! 𝜋𝜋(𝑛𝑛 + 𝜈𝜈)!⁄ 𝑤𝑤0𝜈𝜈+1�  to 
normalize the beam’s integrated intensity to 1. For a single-frequency Laguerre-Gauss beam (i.e., 
one whose time-dependence factor is 𝑒𝑒−i𝜔𝜔𝜔𝜔), Eq.(11) can be written as  
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 𝑎𝑎(𝑥𝑥,𝑥𝑥, 𝑧𝑧) = 𝐴𝐴0� 𝑘𝑘⊥𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 [(𝑤𝑤0𝑘𝑘⊥)2 2⁄ ]𝑒𝑒−¼(𝑤𝑤0𝑘𝑘⊥)2𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋)𝑒𝑒i(𝑘𝑘𝑥𝑥𝑥𝑥+𝑘𝑘𝑦𝑦𝑦𝑦+𝑘𝑘𝑧𝑧𝑧𝑧)d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦∞−∞ , (B1) 
where 
 𝐴𝐴0 = (−1)𝑛𝑛 √𝑛𝑛!2𝜋𝜋�𝜋𝜋(𝑛𝑛+𝜈𝜈)! �𝑤𝑤0√2�𝜈𝜈+1. (B2) 
The light amplitude distribution in the 𝑥𝑥𝑥𝑥-plane at a distance 𝑧𝑧 from the initial distribution is 
now evaluated as follows: 
 𝑎𝑎(𝑥𝑥, 𝑥𝑥, 𝑧𝑧) = 𝐴𝐴0 � 𝑘𝑘⊥𝜈𝜈+1𝐿𝐿𝑛𝑛𝜈𝜈 [(𝑤𝑤0𝑘𝑘⊥)2 2⁄ ]𝑒𝑒−¼(𝑤𝑤0𝑘𝑘⊥)2𝑒𝑒i𝑘𝑘𝑧𝑧𝑧𝑧�∫ 𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋)𝑒𝑒i𝑘𝑘⊥𝑟𝑟 cos(𝜓𝜓−𝜈𝜈)d𝜓𝜓2𝜋𝜋𝜓𝜓=0 �d𝑘𝑘⊥∞
𝑘𝑘⊥=0
 
 ≅ 2𝜋𝜋𝐴𝐴0𝑒𝑒±i𝜈𝜈𝜈𝜈 � 𝑘𝑘⊥𝜈𝜈+1𝐿𝐿𝑛𝑛𝜈𝜈 [(𝑤𝑤0𝑘𝑘⊥)2 2⁄ ]𝑒𝑒−¼(𝑤𝑤0𝑘𝑘⊥)2𝑒𝑒i𝑘𝑘0[1−½(𝑘𝑘⊥ 𝑘𝑘0⁄ )2]𝑧𝑧𝐽𝐽𝜈𝜈(𝑘𝑘⊥𝑟𝑟)d𝑘𝑘⊥∞
0
 
 = 2𝜋𝜋𝐴𝐴0𝑒𝑒±i𝜈𝜈𝜈𝜈𝑒𝑒i𝑘𝑘0𝑧𝑧 � 𝑘𝑘⊥𝜈𝜈+1𝐿𝐿𝑛𝑛𝜈𝜈 [(𝑤𝑤0𝑘𝑘⊥)2 2⁄ ]𝑒𝑒−¼[𝑤𝑤02+i(2𝑧𝑧 𝑘𝑘0⁄ )]𝑘𝑘⊥2 𝐽𝐽𝜈𝜈(𝑘𝑘⊥𝑟𝑟)d𝑘𝑘⊥∞
0
 
 = √2𝜈𝜈+1𝑛𝑛!  exp�−i(2𝑛𝑛+𝜈𝜈+1) tan−1�2𝑧𝑧 𝑘𝑘0𝑤𝑤02⁄ ��
�𝜋𝜋(𝑛𝑛+𝜈𝜈)!  [𝑤𝑤02 + (2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2]½ 𝑒𝑒i𝑘𝑘0𝑧𝑧 
 × �𝑟𝑟 �𝑤𝑤02 + (2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2⁄ �𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 � 2𝑟𝑟2𝑤𝑤02 + (2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2� exp �− 𝑟𝑟2𝑤𝑤02 + i(2𝑧𝑧 𝑘𝑘0⁄ )� 𝑒𝑒±i𝜈𝜈𝜈𝜈 
 = √2𝜈𝜈+1𝑛𝑛!exp�−i(2𝑛𝑛+𝜈𝜈+1) tan−1�2𝑧𝑧 𝑘𝑘0𝑤𝑤02⁄ ��
�𝜋𝜋(𝑛𝑛+𝜈𝜈)! [𝑤𝑤02+(2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2]½ 𝑒𝑒i𝑘𝑘0𝑧𝑧 exp � i𝑘𝑘0𝑟𝑟22𝑧𝑧[1+(𝑘𝑘0𝑤𝑤02 2𝑧𝑧⁄ )2]� 
 × �𝑟𝑟 �𝑤𝑤02 + (2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2⁄ �𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 � 2𝑟𝑟2𝑤𝑤02 + (2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2� exp �− 𝑟𝑟2𝑤𝑤02 + (2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2� 𝑒𝑒±i𝜈𝜈𝜈𝜈 
 = √2𝜈𝜈+1𝑛𝑛!
�𝜋𝜋(𝑛𝑛+𝜈𝜈)! [𝑤𝑤02+(2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2]½ 
 × exp �i �𝑘𝑘0𝑧𝑧 + 𝑘𝑘0𝑟𝑟22𝑧𝑧�1+(𝑘𝑘0𝑤𝑤02 2𝑧𝑧⁄ )2� − (2𝑛𝑛 + 𝜈𝜈 + 1) tan−1 � 2𝑧𝑧𝑘𝑘0𝑤𝑤02��� 
 × �𝑟𝑟 �𝑤𝑤02 + (2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2⁄ �𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 � 2𝑟𝑟2𝑤𝑤02+(2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2� exp �− 𝑟𝑟2𝑤𝑤02+(2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2� 𝑒𝑒±i𝜈𝜈𝜈𝜈. (B3) 
At a distance 𝑧𝑧 from the initial distribution, one now observes that the beam’s waist and its 
radius of curvature are 𝑤𝑤(𝑧𝑧) = �𝑤𝑤02 + (2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2 and 𝑅𝑅(𝑧𝑧) = 𝑧𝑧[1 + (𝑘𝑘0𝑤𝑤02 2𝑧𝑧⁄ )2], respectively. 
The phase-shift 𝜒𝜒(𝑧𝑧) = (2𝑛𝑛 + 𝜈𝜈 + 1) tan−1(2𝑧𝑧 𝑘𝑘0𝑤𝑤02⁄ ) appearing in Eq.(B3) is commonly referred to 
as the Gouy phase.8 The light amplitude distribution in the 𝑥𝑥𝑥𝑥-plane at 𝑧𝑧 is thus given by 
 𝑎𝑎(𝑥𝑥,𝑥𝑥, 𝑧𝑧) ≅ �2(𝑛𝑛!)
�𝜋𝜋(𝑛𝑛+𝜈𝜈)! 𝑤𝑤(𝑧𝑧) exp �i �𝑘𝑘0𝑧𝑧 + 𝑘𝑘0𝑟𝑟22𝑅𝑅(𝑧𝑧) − 𝜒𝜒(𝑧𝑧)�� �√2 𝑟𝑟𝑤𝑤(𝑧𝑧)�𝜈𝜈 𝐿𝐿𝑛𝑛𝜈𝜈 � 2𝑟𝑟2𝑤𝑤2(𝑧𝑧)� exp �− 𝑟𝑟2𝑤𝑤2(𝑧𝑧)� 𝑒𝑒±i𝜈𝜈𝜈𝜈. (B4) 
It is straightforward to verify that the integrated intensity across the 𝑥𝑥𝑥𝑥-plane at 𝑧𝑧 is the same as 
that of the initial distribution at 𝑧𝑧 = 0, that is, ∬ |𝑎𝑎(𝑥𝑥,𝑥𝑥, 𝑧𝑧)|2d𝑥𝑥d𝑥𝑥∞−∞ = 1. 
Appendix C 
The scaled 𝛿𝛿-function 𝛿𝛿(𝛼𝛼𝑥𝑥), where 𝛼𝛼 ≠ 0 is a real-valued scaling parameter, is equal to |𝛼𝛼|−1𝛿𝛿(𝑥𝑥). To see this, note that 
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 ∫ 𝛿𝛿(𝛼𝛼𝑥𝑥)𝑓𝑓(𝑥𝑥)d𝑥𝑥∞−∞ = 𝛼𝛼−1 ∫ 𝛿𝛿(𝑥𝑥)𝑓𝑓(𝑥𝑥 𝛼𝛼⁄ )d𝑥𝑥±∞∓∞ = |𝛼𝛼|−1𝑓𝑓(0). (C1) 
In contrast, the scaled derivative ?̇?𝛿(𝛼𝛼𝑥𝑥) of the 𝛿𝛿-function, where the over-dot represents 
differentiation with respect to the argument of the function, is sign(𝛼𝛼)𝛼𝛼−2?̇?𝛿(𝑥𝑥). For a 
straightforward proof, note that 
 � ?̇?𝛿(𝛼𝛼𝑥𝑥)𝑓𝑓(𝑥𝑥)d𝑥𝑥∞
−∞
= 𝛼𝛼−1 � ?̇?𝛿(𝑥𝑥)𝑓𝑓(𝑥𝑥 𝛼𝛼⁄ )d𝑥𝑥±∞
∓∞
= |𝛼𝛼|−1�−𝛼𝛼−1?̇?𝑓(0)� = −sign(𝛼𝛼)|𝛼𝛼|−2?̇?𝑓(0). (C2) 
Below is an alternative proof that relies on the method of integration by parts: 
 � ?̇?𝛿(𝛼𝛼𝑥𝑥)𝑓𝑓(𝑥𝑥)d𝑥𝑥∞
−∞
= 𝛼𝛼−1𝛿𝛿(𝛼𝛼𝑥𝑥)𝑓𝑓(𝑥𝑥)|−∞∞ − � 𝛼𝛼−1𝛿𝛿(𝛼𝛼𝑥𝑥)𝑓𝑓̇(𝑥𝑥)d𝑥𝑥∞−∞ = −sign(𝛼𝛼)𝛼𝛼−2𝑓𝑓̇(0). (C3) 
Note that ?̇?𝛿(𝛼𝛼𝑥𝑥), where the over-dot represents differentiation with respect to the argument of 
the 𝛿𝛿-function, should not be confused with the derivative with respect to 𝑥𝑥 of 𝛿𝛿(𝛼𝛼𝑥𝑥), which is |𝛼𝛼|−1?̇?𝛿(𝑥𝑥). Below are two different ways of demonstrating the validity of the above statement: 
i) d
d𝑥𝑥
𝛿𝛿(𝛼𝛼𝑥𝑥) = d
d𝑥𝑥
[|𝛼𝛼|−1𝛿𝛿(𝑥𝑥)] = |𝛼𝛼|−1?̇?𝛿(𝑥𝑥). (C4) 
ii) d
d𝑥𝑥
𝛿𝛿(𝛼𝛼𝑥𝑥) = 𝛼𝛼?̇?𝛿(𝛼𝛼𝑥𝑥) = 𝛼𝛼�sign(𝛼𝛼)𝛼𝛼−2?̇?𝛿(𝑥𝑥)� = |𝛼𝛼|−1?̇?𝛿(𝑥𝑥). (C5) 
In general, one may have a function such as 𝛿𝛿[𝑔𝑔(𝑥𝑥)], where 𝑔𝑔(𝑥𝑥) goes to zero at one or more 
locations along the 𝑥𝑥-axis. Denoting by 𝑥𝑥0 a typical zero of 𝑔𝑔(𝑥𝑥), one can replace (in the immediate 
vicinity of 𝑥𝑥0) the argument of the 𝛿𝛿-function by 𝛼𝛼(𝑥𝑥 − 𝑥𝑥0), where 𝛼𝛼 = ?̇?𝑔(𝑥𝑥0) is the slope of 𝑔𝑔(𝑥𝑥) 
at 𝑥𝑥 = 𝑥𝑥0. At each zero of 𝑔𝑔(𝑥𝑥), one may then write 
 𝛿𝛿[𝑔𝑔(𝑥𝑥)] = |?̇?𝑔(𝑥𝑥0)|−1𝛿𝛿(𝑥𝑥 − 𝑥𝑥0), (C6) 
 ?̇?𝛿[𝑔𝑔(𝑥𝑥)] = sign[?̇?𝑔(𝑥𝑥0)] × |?̇?𝑔(𝑥𝑥0)|−2?̇?𝛿(𝑥𝑥 − 𝑥𝑥0). (C7) 
Needless to say, additional measures must be taken in the special circumstance where ?̇?𝑔(𝑥𝑥0) = 0. 
Appendix D 
The integrals in Eqs.(23) are evaluated in several steps. We begin by defining the functions 𝐴𝐴 
and 𝐵𝐵 of the variable 𝑘𝑘⊥ = (𝑘𝑘𝑥𝑥2 + 𝑘𝑘𝑦𝑦2)½ (with 𝛼𝛼 and 𝜈𝜈 as parameters), as follows: 
 𝐴𝐴 = 𝑘𝑘⊥𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )𝑒𝑒−𝑘𝑘⊥2 2𝛼𝛼⁄        →         𝜕𝜕𝑘𝑘𝑥𝑥𝐴𝐴 = 𝐵𝐵𝑘𝑘𝑥𝑥     and    𝜕𝜕𝑘𝑘𝑦𝑦𝐴𝐴 = 𝐵𝐵𝑘𝑘𝑦𝑦,   where 
 𝐵𝐵 = [𝜈𝜈𝑘𝑘⊥𝜈𝜈−2𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ ) + 𝛼𝛼−1𝑘𝑘⊥𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ ) − 2𝛼𝛼−1𝑘𝑘⊥𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈+1(𝑘𝑘⊥2 𝛼𝛼⁄ )]𝑒𝑒−𝑘𝑘⊥2 2𝛼𝛼⁄ . (D1) 
In the next step, we derive the partial derivatives with respect to 𝑘𝑘𝑥𝑥 and 𝑘𝑘𝑦𝑦 of the angle 𝜓𝜓, that is, 
 𝜓𝜓 = tan−1(𝑘𝑘𝑦𝑦 𝑘𝑘𝑥𝑥⁄ )        →        𝜕𝜕𝑘𝑘𝑥𝑥𝜓𝜓 = −𝑘𝑘𝑦𝑦 𝑘𝑘⊥2⁄          and        𝜕𝜕𝑘𝑘𝑦𝑦𝜓𝜓 = 𝑘𝑘𝑥𝑥 𝑘𝑘⊥2⁄ . (D2) 
The third step involves evaluating triple integrals such as 
 ∭ ?̇?𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )𝛿𝛿(𝜔𝜔 +𝜔𝜔′)𝐸𝐸𝑥𝑥(𝒌𝒌′,𝜔𝜔′)𝑘𝑘⊥′𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥′2 𝛼𝛼⁄ )𝑒𝑒−𝑘𝑘⊥′2 2𝛼𝛼⁄ 𝑒𝑒i𝑠𝑠𝜔𝜔′  𝜈𝜈(±𝜓𝜓′−½𝜋𝜋)d𝑘𝑘𝑥𝑥′ d𝑘𝑘𝑦𝑦′ d𝜔𝜔′∞−∞ . (D3) 
Here, one must first differentiate with respect to 𝑘𝑘𝑥𝑥′ , then substitute (−𝑘𝑘𝑥𝑥,−𝑘𝑘𝑦𝑦,−𝜔𝜔) for (𝑘𝑘𝑥𝑥′ ,𝑘𝑘𝑦𝑦′ ,𝜔𝜔′). Subsequently, the sign of the entire expression must be reversed. Below, we carry out 
the differentiation step for each term that appears in Eqs.(23). The substitution and sign reversal will 
be done afterward. We find 
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 ?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑥𝑥′ = 𝐸𝐸0(𝜔𝜔′) �𝐵𝐵𝑘𝑘𝑥𝑥′ − 𝐴𝐴(±i𝑠𝑠𝜔𝜔′ 𝜈𝜈) 𝑘𝑘𝑦𝑦′𝑘𝑘⊥′2� 𝑒𝑒i𝑠𝑠𝜔𝜔′ 𝜈𝜈�±𝜓𝜓′−½𝜋𝜋�. (D4) 
 𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑥𝑥′ = 𝐸𝐸0(𝜔𝜔′) �𝐵𝐵𝑘𝑘𝑦𝑦′ + 𝐴𝐴(±i𝑠𝑠𝜔𝜔′ 𝜈𝜈) 𝑘𝑘𝑥𝑥′𝑘𝑘⊥′2� 𝑒𝑒i𝑠𝑠𝜔𝜔′ 𝜈𝜈�±𝜓𝜓′−½𝜋𝜋�. (D5) 
 ?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑦𝑦′ = i𝑠𝑠𝜔𝜔𝐸𝐸0(𝜔𝜔′) �𝐵𝐵𝑘𝑘𝑥𝑥′ − 𝐴𝐴(±i𝑠𝑠𝜔𝜔′ 𝜈𝜈) 𝑘𝑘𝑦𝑦′𝑘𝑘⊥′2� 𝑒𝑒i𝑠𝑠𝜔𝜔′ 𝜈𝜈�±𝜓𝜓′−½𝜋𝜋�. (D6) 
 𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑦𝑦′ = i𝑠𝑠𝜔𝜔𝐸𝐸0(𝜔𝜔′) �𝐵𝐵𝑘𝑘𝑦𝑦′ + 𝐴𝐴(±i𝑠𝑠𝜔𝜔′ 𝜈𝜈) 𝑘𝑘𝑥𝑥′𝑘𝑘⊥2� 𝑒𝑒i𝑠𝑠𝜔𝜔′ 𝜈𝜈�±𝜓𝜓′−½𝜋𝜋�. (D7) 
 ?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑧𝑧′ = −𝐸𝐸0(𝜔𝜔′) �(𝑘𝑘𝑥𝑥′2+𝑘𝑘𝑧𝑧′2)+i𝑠𝑠𝜔𝜔′ 𝑘𝑘𝑥𝑥′ 𝑘𝑘𝑦𝑦′𝑘𝑘𝑧𝑧′3 𝐴𝐴 + (𝑘𝑘𝑥𝑥′+i𝑠𝑠𝜔𝜔′ 𝑘𝑘𝑦𝑦′ )𝑘𝑘𝑥𝑥′𝑘𝑘𝑧𝑧′ 𝐵𝐵 − (𝑘𝑘𝑥𝑥′+i𝑠𝑠𝜔𝜔′ 𝑘𝑘𝑦𝑦′ )𝑘𝑘𝑦𝑦′𝑘𝑘𝑧𝑧′𝑘𝑘⊥′2 𝐴𝐴(±i𝑠𝑠𝜔𝜔′ 𝜈𝜈)� 𝑒𝑒i𝑠𝑠𝜔𝜔′ 𝜈𝜈(±𝜓𝜓′−½𝜋𝜋). (D8) 
 𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑧𝑧′ = −𝐸𝐸0(𝜔𝜔′) �i𝑠𝑠𝜔𝜔′ �𝑘𝑘𝑦𝑦′2+𝑘𝑘𝑧𝑧′2�+𝑘𝑘𝑥𝑥′𝑘𝑘𝑦𝑦′𝑘𝑘𝑧𝑧′3 𝐴𝐴 + (𝑘𝑘𝑥𝑥′+i𝑠𝑠𝜔𝜔′ 𝑘𝑘𝑦𝑦′ )𝑘𝑘𝑦𝑦′𝑘𝑘𝑧𝑧′ 𝐵𝐵 + (𝑘𝑘𝑥𝑥′+i𝑠𝑠𝜔𝜔′ 𝑘𝑘𝑦𝑦′ )𝑘𝑘𝑥𝑥′𝑘𝑘𝑧𝑧′𝑘𝑘⊥′2 𝐴𝐴(±i𝑠𝑠𝜔𝜔′ 𝜈𝜈)� 𝑒𝑒i𝑠𝑠𝜔𝜔′ 𝜈𝜈(±𝜓𝜓′−½𝜋𝜋). (D9) 
Replacing (𝑘𝑘𝑥𝑥′ ,𝑘𝑘𝑦𝑦′ ,𝜔𝜔′) with (−𝑘𝑘𝑥𝑥,−𝑘𝑘𝑦𝑦,−𝜔𝜔) and flipping the signs of the resulting expressions, 
we arrive at 
 ?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑥𝑥 = −𝐸𝐸0(−𝜔𝜔) �−𝐵𝐵𝑘𝑘𝑥𝑥 − 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑦𝑦𝑘𝑘⊥2� 𝑒𝑒−i𝑠𝑠𝜔𝜔𝜈𝜈(±𝜓𝜓−½𝜋𝜋). (D10) 
 𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑥𝑥 = −𝐸𝐸0(−𝜔𝜔) �−𝐵𝐵𝑘𝑘𝑦𝑦 + 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑥𝑥𝑘𝑘⊥2� 𝑒𝑒−i𝑠𝑠𝜔𝜔𝜈𝜈(±𝜓𝜓−½𝜋𝜋). (D11) 
 ?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑦𝑦 = −i𝑠𝑠𝜔𝜔𝐸𝐸0(−𝜔𝜔) �𝐵𝐵𝑘𝑘𝑥𝑥 + 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑦𝑦𝑘𝑘⊥2� 𝑒𝑒−i𝑠𝑠𝜔𝜔𝜈𝜈(±𝜓𝜓−½𝜋𝜋). (D12) 
 𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑦𝑦 = −i𝑠𝑠𝜔𝜔𝐸𝐸0(−𝜔𝜔) �𝐵𝐵𝑘𝑘𝑦𝑦 − 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑥𝑥𝑘𝑘⊥2� 𝑒𝑒−i𝑠𝑠𝜔𝜔𝜈𝜈(±𝜓𝜓−½𝜋𝜋). (D13) 
 ?̇?𝛿𝑥𝑥𝛿𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑧𝑧 = −𝐸𝐸0(−𝜔𝜔) �(𝑘𝑘𝑥𝑥2+𝑘𝑘𝑧𝑧2)−i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧3 𝐴𝐴 + (𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧 𝐵𝐵 + (𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧𝑘𝑘⊥2 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈)� 𝑒𝑒−i𝑠𝑠𝜔𝜔𝜈𝜈(±𝜓𝜓−½𝜋𝜋). (D14) 
 𝛿𝛿𝑥𝑥?̇?𝛿𝑦𝑦𝛿𝛿𝑡𝑡𝐸𝐸𝑧𝑧 = −𝐸𝐸0(−𝜔𝜔) �𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦−i𝑠𝑠𝜔𝜔�𝑘𝑘𝑦𝑦2+𝑘𝑘𝑧𝑧2�𝑘𝑘𝑧𝑧3 𝐴𝐴 + (𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧 𝐵𝐵 − (𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧𝑘𝑘⊥2 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈)� 𝑒𝑒−i𝑠𝑠𝜔𝜔𝜈𝜈(±𝜓𝜓−½𝜋𝜋). (D15) 
Upon substituting Eqs.(D10) - (D15) into Eqs.(23), the first contributions ℒ𝑥𝑥
(1), ℒ𝑦𝑦(1), ℒ𝑧𝑧(1) to the 
components of 𝓛𝓛 are found to be 
 ℒ𝑥𝑥
(1) = i
2𝜋𝜋𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) � 𝜔𝜔−1|𝐸𝐸(𝜔𝜔)|2 �𝑐𝑐𝑘𝑘𝑧𝑧𝜔𝜔 � ��−𝐵𝐵𝑘𝑘𝑦𝑦 + 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑥𝑥𝑘𝑘⊥2� �𝑘𝑘𝑥𝑥(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧� 𝐴𝐴∞−∞  
 +i𝑠𝑠𝜔𝜔 �𝐵𝐵𝑘𝑘𝑦𝑦 − 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑥𝑥𝑘𝑘⊥2� �𝑘𝑘𝑦𝑦(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑧𝑧� 𝐴𝐴�d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔 
 = i
2𝜋𝜋𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) � 𝜔𝜔−1|𝐸𝐸(𝜔𝜔)|2(𝑘𝑘⊥2 + 2𝑘𝑘𝑧𝑧2) �𝐴𝐴2(±i𝑠𝑠𝜔𝜔𝜈𝜈) (𝑐𝑐𝑘𝑘𝑥𝑥 𝜔𝜔⁄ )𝑘𝑘⊥2 − 𝐴𝐴𝐵𝐵 �𝑐𝑐𝑘𝑘𝑦𝑦𝜔𝜔 ��∞−∞ d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔. (D16) 
 ℒ𝑦𝑦
(1) = 1
i2𝜋𝜋𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) � 𝜔𝜔−1|𝐸𝐸(𝜔𝜔)|2 �𝑐𝑐𝑘𝑘𝑧𝑧𝜔𝜔 � �i𝑠𝑠𝜔𝜔 �𝐵𝐵𝑘𝑘𝑥𝑥 + 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑦𝑦𝑘𝑘⊥2� �𝑘𝑘𝑦𝑦(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑧𝑧� 𝐴𝐴∞−∞  
 −�𝐵𝐵𝑘𝑘𝑥𝑥 + 𝐴𝐴(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑦𝑦𝑘𝑘⊥2� �𝑘𝑘𝑥𝑥(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧� 𝐴𝐴� d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔 
 = i
2𝜋𝜋𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) � 𝜔𝜔−1|𝐸𝐸(𝜔𝜔)|2(𝑘𝑘⊥2 + 2𝑘𝑘𝑧𝑧2) �𝐴𝐴2(±i𝑠𝑠𝜔𝜔𝜈𝜈) �𝑐𝑐𝑘𝑘𝑦𝑦 𝜔𝜔⁄ �𝑘𝑘⊥2 + 𝐴𝐴𝐵𝐵 �𝑐𝑐𝑘𝑘𝑥𝑥𝜔𝜔 ��d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔∞−∞ . (D17) 
𝜓𝜓 changes by 𝜋𝜋, resulting 
in a factor of (−1)𝜈𝜈, which 
cancels a similar factor in 𝐴𝐴 
and 𝐵𝐵 due to 𝑘𝑘⊥𝜈𝜈  and 𝑘𝑘⊥𝜈𝜈−2. 
11 
 ℒ𝑧𝑧
(1) = 1
i2𝜋𝜋𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) � 𝜔𝜔−1|𝐸𝐸(𝜔𝜔)|2 �𝑐𝑐𝑘𝑘𝑧𝑧𝜔𝜔 �×∞−∞  
 ��
(𝑘𝑘𝑥𝑥2+𝑘𝑘𝑧𝑧2)−i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥𝑘𝑘𝑥𝑥
𝑘𝑘𝑧𝑧
3 𝐴𝐴2 + (𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥)𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧 𝐴𝐴𝐵𝐵 + (𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥)𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧𝑘𝑘⊥2 𝐴𝐴2(±i𝑠𝑠𝜔𝜔𝜈𝜈)� ��𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧� (𝑘𝑘𝑥𝑥 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥) + i𝑠𝑠𝜔𝜔𝑘𝑘𝑧𝑧� 
 −�𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦−i𝑠𝑠𝜔𝜔�𝑘𝑘𝑦𝑦
2+𝑘𝑘𝑧𝑧
2�
𝑘𝑘𝑧𝑧
3 𝐴𝐴
2 + (𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑦𝑦
𝑘𝑘𝑧𝑧
𝐴𝐴𝐵𝐵 −
(𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑥𝑥
𝑘𝑘𝑧𝑧𝑘𝑘⊥
2 𝐴𝐴
2(±i𝑠𝑠𝜔𝜔𝜈𝜈)� ��𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧� (𝑘𝑘𝑥𝑥 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦) + 𝑘𝑘𝑧𝑧� 
 + �𝐴𝐴𝐵𝐵𝑘𝑘𝑥𝑥 + 𝐴𝐴2(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑦𝑦𝑘𝑘⊥2 − i𝑠𝑠𝜔𝜔 �𝐴𝐴𝐵𝐵𝑘𝑘𝑦𝑦 − 𝐴𝐴2(±i𝑠𝑠𝜔𝜔𝜈𝜈) 𝑘𝑘𝑥𝑥𝑘𝑘⊥2�� (𝑘𝑘𝑦𝑦 − i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥)�d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔. (D18) 
The odd symmetry of the integrands of ℒ𝑥𝑥
(1) and ℒ𝑦𝑦(1) with respect to the origin of the 𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦-
plane ensures that ℒ𝑥𝑥
(1) = ℒ𝑦𝑦(1) = 0. As for the 𝑧𝑧-component of 𝓛𝓛, straightforward algebraic 
manipulations lead to the following compact expression for ℒ𝑧𝑧
(1) of Eq.(D18): 
 ℒ𝑧𝑧
(1) = 1
2𝜋𝜋𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) � 𝑠𝑠𝜔𝜔𝜔𝜔−1|𝐸𝐸(𝜔𝜔)|2 �2𝜔𝜔𝑐𝑐𝑘𝑘𝑧𝑧 ± �𝑐𝑐𝑘𝑘𝑧𝑧𝜔𝜔 + 𝜔𝜔𝑐𝑐𝑘𝑘𝑧𝑧� 𝜈𝜈� 𝑘𝑘⊥2𝜈𝜈[𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )]2𝑒𝑒−𝑘𝑘⊥2 𝛼𝛼⁄ d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦d𝜔𝜔∞−∞ . (D19) 
Note that the ± signs pertain to counterclockwise and clockwise vortices, whose phase 
modulation factors are 𝑒𝑒±i𝜈𝜈𝜈𝜈, and that 𝑠𝑠𝜔𝜔𝜔𝜔−1 can equivalently be written as |𝜔𝜔|−1. The remaining 
contributions ℒ𝑥𝑥
(2),ℒ𝑦𝑦(2),ℒ𝑧𝑧(2) to the components of 𝓛𝓛 come from integrals of the form 
 ∭ 𝛿𝛿(𝑘𝑘𝑥𝑥 + 𝑘𝑘𝑥𝑥′ )𝛿𝛿(𝑘𝑘𝑦𝑦 + 𝑘𝑘𝑦𝑦′ )?̇?𝛿(𝜔𝜔 + 𝜔𝜔′)𝐸𝐸𝑥𝑥(𝒌𝒌′,𝜔𝜔′)𝑘𝑘⊥′𝜈𝜈𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥′2 𝛼𝛼⁄ )𝑒𝑒−𝑘𝑘⊥′2 2𝛼𝛼⁄ 𝑒𝑒i𝑠𝑠𝜔𝜔′  𝜈𝜈(±𝜓𝜓′−½𝜋𝜋)d𝑘𝑘𝑥𝑥′ d𝑘𝑘𝑦𝑦′ d𝜔𝜔′∞−∞ . 
 (D20) 
In some instances, the integrand in Eq.(D20) will have a 𝑘𝑘𝑥𝑥 𝑘𝑘𝑧𝑧′⁄  or 𝑘𝑘𝑦𝑦 𝑘𝑘𝑧𝑧′⁄  coefficient as well; 
see Eqs.(24) - (26). Thus, the fifth and final step of computing the components of 𝓛𝓛 involves 
evaluating such triple integrals. Here, one substitutes (−𝑘𝑘𝑥𝑥,−𝑘𝑘𝑦𝑦) for (𝑘𝑘𝑥𝑥′ ,𝑘𝑘𝑦𝑦′ ), differentiates with 
respect to 𝜔𝜔′, substitutes −𝜔𝜔 for 𝜔𝜔′ and, finally, flips the sign of the entire expression. Carrying out 
these operations for the individual terms that appear in Eqs.(23), we find 
 (𝑘𝑘𝑦𝑦 𝑘𝑘𝑧𝑧′⁄ )𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑥𝑥′𝐻𝐻𝑦𝑦 = 𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 �?̇?𝐸0(−𝜔𝜔) �𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧� + 𝐸𝐸0(−𝜔𝜔) �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 �𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧2�� �𝑘𝑘𝑥𝑥(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧� 𝐴𝐴2. (D21) 
 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑥𝑥′𝐻𝐻𝑧𝑧 = 𝑐𝑐𝐸𝐸0(𝜔𝜔)?̇?𝐸0(−𝜔𝜔)𝜔𝜔𝑍𝑍0 (𝑘𝑘𝑦𝑦 − i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥)𝐴𝐴2. (D22) 
 (𝑘𝑘𝑦𝑦 𝑘𝑘𝑧𝑧′⁄ )𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑦𝑦′ 𝐻𝐻𝑥𝑥 = −𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 (−i𝑠𝑠𝜔𝜔) �?̇?𝐸0(−𝜔𝜔) �𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧� + 𝐸𝐸0(−𝜔𝜔) �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 �𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧2�� �𝑘𝑘𝑦𝑦(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑧𝑧� 𝐴𝐴2. 
 (D23) 
 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑧𝑧′𝐻𝐻𝑥𝑥 = −𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 �?̇?𝐸0(−𝜔𝜔) �𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧 �+ 𝐸𝐸0(−𝜔𝜔) �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 �𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧2 �� �𝑘𝑘𝑦𝑦(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑧𝑧� 𝐴𝐴2. 
 (D24) 
 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑦𝑦′ 𝐻𝐻𝑧𝑧 = 𝑐𝑐𝐸𝐸0(𝜔𝜔)?̇?𝐸0(−𝜔𝜔)𝜔𝜔𝑍𝑍0 (−i𝑠𝑠𝜔𝜔)(𝑘𝑘𝑦𝑦 − i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥)𝐴𝐴2. (D25) 
 (𝑘𝑘𝑥𝑥 𝑘𝑘𝑧𝑧′⁄ )𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑦𝑦′ 𝐻𝐻𝑥𝑥 = −𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 (−i𝑠𝑠𝜔𝜔) ��𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧� ?̇?𝐸0(−𝜔𝜔) + �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 �𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧2� 𝐸𝐸0(−𝜔𝜔)� �𝑘𝑘𝑦𝑦(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑧𝑧� 𝐴𝐴2. 
 (D26) 
 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑧𝑧′𝐻𝐻𝑦𝑦 = 𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 �?̇?𝐸0(−𝜔𝜔) �𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧 �+ 𝐸𝐸0(−𝜔𝜔) �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 �𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧2 �� �𝑘𝑘𝑥𝑥(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧� 𝐴𝐴2. (D27) 
12 
 (𝑘𝑘𝑥𝑥 𝑘𝑘𝑧𝑧′⁄ )𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑥𝑥′𝐻𝐻𝑦𝑦 = 𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 ��𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧� ?̇?𝐸0(−𝜔𝜔) + �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 �𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧2�𝐸𝐸0(−𝜔𝜔)� �𝑘𝑘𝑥𝑥(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧� 𝐴𝐴2. (D28) 
 (𝑘𝑘𝑥𝑥 𝑘𝑘𝑧𝑧′⁄ )𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑧𝑧′𝐻𝐻𝑥𝑥 = 𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 �?̇?𝐸0(−𝜔𝜔) 𝑘𝑘𝑥𝑥�𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦�𝑘𝑘𝑧𝑧2 + 2𝐸𝐸0(−𝜔𝜔) �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 𝑘𝑘𝑥𝑥�𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦�𝑘𝑘𝑧𝑧3 � �𝑘𝑘𝑦𝑦(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑧𝑧� 𝐴𝐴2. 
 (D29) 
 (𝑘𝑘𝑦𝑦 𝑘𝑘𝑧𝑧′⁄ )𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑧𝑧′𝐻𝐻𝑦𝑦 = − 𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 �?̇?𝐸0(−𝜔𝜔) 𝑘𝑘𝑦𝑦(𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧2 + 2 �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 𝐸𝐸0(−𝜔𝜔) 𝑘𝑘𝑦𝑦(𝑘𝑘𝑥𝑥−i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧3 � �𝑘𝑘𝑥𝑥(𝑘𝑘𝑥𝑥+i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝑘𝑘𝑧𝑧 + 𝑘𝑘𝑧𝑧� 𝐴𝐴2. 
 (D30) 
 (𝑘𝑘𝑥𝑥 𝑘𝑘𝑧𝑧′⁄ )𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑥𝑥′𝐻𝐻𝑧𝑧 = −𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 ��𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧� ?̇?𝐸0(−𝜔𝜔) + �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 �𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧2� 𝐸𝐸0(−𝜔𝜔)� (𝑘𝑘𝑦𝑦 − i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥)𝐴𝐴2. (D31) 
 (𝑘𝑘𝑦𝑦 𝑘𝑘𝑧𝑧′⁄ )𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑦𝑦′ 𝐻𝐻𝑧𝑧 = −𝑐𝑐𝐸𝐸0(𝜔𝜔)𝜔𝜔𝑍𝑍0 (−i𝑠𝑠𝜔𝜔) ��𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧� ?̇?𝐸0(−𝜔𝜔) + �𝑐𝑐2𝑘𝑘𝑧𝑧𝜔𝜔 �−1 �𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧2�𝐸𝐸0(−𝜔𝜔)� (𝑘𝑘𝑦𝑦 − i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥)𝐴𝐴2. 
 (D32) 
The relevant combinations of the above terms for ℒ𝑥𝑥, ℒ𝑦𝑦, and ℒ𝑧𝑧 are found to be 
 �𝑐𝑐
2𝑘𝑘𝑧𝑧
𝜔𝜔
�
2
�− �
𝑘𝑘𝑦𝑦
𝑘𝑘𝑧𝑧
′� 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑥𝑥
′𝐻𝐻𝑦𝑦 + 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑥𝑥′𝐻𝐻𝑧𝑧 + �𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧′� 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑦𝑦′𝐻𝐻𝑥𝑥 − 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑧𝑧′𝐻𝐻𝑥𝑥� = 𝑐𝑐3|𝐸𝐸0(𝜔𝜔)|2𝑍𝑍0𝜔𝜔2 (i𝑠𝑠𝜔𝜔𝑘𝑘𝑥𝑥 − 𝑘𝑘𝑦𝑦)𝐴𝐴2. 
 (D33) 
 �𝑐𝑐
2𝑘𝑘𝑧𝑧
𝜔𝜔
�
2
�𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑦𝑦
′𝐻𝐻𝑧𝑧 − �
𝑘𝑘𝑥𝑥
𝑘𝑘𝑧𝑧
′� 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑦𝑦
′𝐻𝐻𝑥𝑥 − 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑧𝑧
′𝐻𝐻𝑦𝑦 + �𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧′� 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑥𝑥′𝐻𝐻𝑦𝑦� = 𝑐𝑐3|𝐸𝐸0(𝜔𝜔)|2𝑍𝑍0𝜔𝜔2 (𝑘𝑘𝑥𝑥 + i𝑠𝑠𝜔𝜔𝑘𝑘𝑦𝑦)𝐴𝐴2. (D34) 
 �𝑐𝑐
2𝑘𝑘𝑧𝑧
𝜔𝜔
�
2
�− �
𝑘𝑘𝑥𝑥
𝑘𝑘𝑧𝑧
′� 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑧𝑧
′𝐻𝐻𝑥𝑥 − �
𝑘𝑘𝑦𝑦
𝑘𝑘𝑧𝑧
′� 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑧𝑧
′𝐻𝐻𝑦𝑦 + �𝑘𝑘𝑥𝑥𝑘𝑘𝑧𝑧′� 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑥𝑥′𝐻𝐻𝑧𝑧 + �𝑘𝑘𝑦𝑦𝑘𝑘𝑧𝑧′� 𝛿𝛿𝑥𝑥𝛿𝛿𝑦𝑦?̇?𝛿𝜔𝜔𝐸𝐸𝑦𝑦′𝐻𝐻𝑧𝑧� 
 = −i𝑠𝑠𝜔𝜔 𝑐𝑐2|𝐸𝐸0(𝜔𝜔)|2𝑍𝑍0𝜔𝜔 �𝑐𝑐𝑘𝑘𝑧𝑧𝜔𝜔 � �𝑘𝑘⊥𝑘𝑘𝑧𝑧�2 𝐴𝐴2. (D35) 
Once again, the odd symmetry (with respect to the origin of the 𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦-plane) of the first two of 
the above expressions ensures that their net contributions to ℒ𝑥𝑥 and ℒ𝑦𝑦 would vanish. The 
expression in Eq.(D35), however, makes a small but important contribution to ℒ𝑧𝑧, which has to be 
taken into account. As before, 𝑠𝑠𝜔𝜔𝜔𝜔−1 = |𝜔𝜔|−1, and the contribution of the expression in Eq.(D35) 
to the wave-packet’s angular momentum along the 𝑧𝑧-axis is given by 
 ℒ𝑧𝑧
(2) = − 1
𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) � |𝐸𝐸0(𝜔𝜔)|2|𝜔𝜔| � (𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄ )(𝑘𝑘⊥ 𝑘𝑘𝑧𝑧⁄ )2𝑘𝑘⊥2𝜈𝜈[𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )]2𝑒𝑒−𝑘𝑘⊥2 𝛼𝛼⁄ 𝑘𝑘⊥d𝑘𝑘⊥d𝜔𝜔∞𝑘𝑘⊥=0∞𝜔𝜔=−∞ . (D36) 
Combining Eqs.(D19) and (D36), we finally arrive at a formula for the packet’s total angular 
momentum along its propagation direction; that is, 
 ℒ𝑧𝑧 = ℒ𝑧𝑧(1) + ℒ𝑧𝑧(2) = 1±𝜈𝜈𝑍𝑍0𝛼𝛼2(𝜈𝜈+1) � |𝐸𝐸0(𝜔𝜔)|2|𝜔𝜔| � �𝑐𝑐𝑘𝑘𝑧𝑧𝜔𝜔 + 𝜔𝜔𝑐𝑐𝑘𝑘𝑧𝑧� 𝑘𝑘⊥2𝜈𝜈[𝐿𝐿𝑛𝑛𝜈𝜈 (𝑘𝑘⊥2 𝛼𝛼⁄ )]2𝑒𝑒−𝑘𝑘⊥2 𝛼𝛼⁄ 𝑘𝑘⊥d𝑘𝑘⊥d𝜔𝜔∞𝑘𝑘⊥=0∞
𝜔𝜔=−∞
. (D37) 
Assuming the obliquity factor 𝑐𝑐𝑘𝑘𝑧𝑧 𝜔𝜔⁄  is not too far below 1, the integral over the 𝑘𝑘𝑥𝑥𝑘𝑘𝑦𝑦-plane 
yields 𝛼𝛼𝜈𝜈+1(𝑛𝑛 + 𝜈𝜈)! 𝑛𝑛!⁄ , while the integral of |𝐸𝐸0(𝜔𝜔)|2 over 𝜔𝜔 gives 2𝜋𝜋 ∫ 𝐸𝐸2(𝑡𝑡)d𝑡𝑡∞−∞ . For a 
narrowband wave-packet centered at the frequency 𝜔𝜔, the overall ℒ𝑧𝑧 thus turns out to be nearly 
equal to (1 ± 𝜈𝜈)ℰ 𝜔𝜔⁄ , with ℰ being the total EM energy of the wave-packet; see Eq.(17). 
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Appendix E 
We present a brief description of the Bessel-Gauss beams, which have certain similarities but 
also substantial differences with the class of Laguerre-Gauss beams. The relevant integrals 
pertaining to the Fourier transform of Bessel-Gauss beams in two-dimensional space are 
 � 𝑒𝑒−𝜁𝜁𝑥𝑥2 2⁄ 𝐽𝐽𝜈𝜈(𝜂𝜂𝑥𝑥)𝐽𝐽𝜈𝜈(𝜅𝜅𝑥𝑥)𝑥𝑥d𝑥𝑥∞
0
= 𝜁𝜁−1𝑒𝑒−(𝜂𝜂2+𝜅𝜅2) 2𝜁𝜁⁄ 𝐼𝐼𝜈𝜈(𝜂𝜂𝜅𝜅 𝜁𝜁⁄ ). (G&R 6.633-2) (E1) 
 � 𝑒𝑒−𝜁𝜁𝜅𝜅2 2⁄ 𝐼𝐼𝜈𝜈(𝜂𝜂𝜅𝜅)𝐽𝐽𝜈𝜈(𝜅𝜅𝑥𝑥)𝜅𝜅d𝜅𝜅∞
0
= 𝜁𝜁−1𝑒𝑒(𝜂𝜂2−𝑥𝑥2) 2𝜁𝜁⁄ 𝐽𝐽𝜈𝜈(𝜂𝜂𝑥𝑥 𝜁𝜁⁄ ). (G&R 6.633-4) (E2) 
The scalar amplitude profile of a Bessel-Gauss beam in the 𝑥𝑥𝑥𝑥-plane at 𝑧𝑧 = 0 is defined as 
 𝑎𝑎(𝑥𝑥, 𝑥𝑥, 𝑧𝑧 = 0) = 𝑎𝑎(𝑟𝑟,𝜑𝜑, 𝑧𝑧 = 0) = 𝑎𝑎0 𝐽𝐽𝜈𝜈(𝑟𝑟 𝑟𝑟0⁄ )𝑒𝑒−(𝑟𝑟 𝑤𝑤0⁄ )2𝑒𝑒±i𝜈𝜈𝜈𝜈. (E3) 
Here, the amplitude 𝑎𝑎0 is a (generally complex) constant; 𝐽𝐽𝜈𝜈(∙) is a Bessel function of the first 
kind, integer order 𝜈𝜈 ≥ 0; the parameters 𝑟𝑟0 > 0 and 𝑤𝑤0 > 0 are real-valued constants; and the ± 
signs indicate the sense of the beam’s vorticity as either clockwise or counterclockwise. The beam’s 
integrated intensity is given by 
 � |𝑎𝑎0|2𝐽𝐽𝜈𝜈2(𝑟𝑟 𝑟𝑟0⁄ )𝑒𝑒−2(𝑟𝑟 𝑤𝑤0⁄ )22𝜋𝜋𝑟𝑟d𝑟𝑟∞
0
= ½𝜋𝜋|𝑎𝑎0|2𝑤𝑤02𝑒𝑒−(𝑤𝑤0 2𝑟𝑟0⁄ )2𝐼𝐼𝜈𝜈(𝑤𝑤02 4𝑟𝑟02⁄ ). (E4) 
The Fourier transform of the amplitude profile is readily computed with the aid of Eq.(E1), as 
follows: 
 � 𝑎𝑎0 𝐽𝐽𝜈𝜈(𝑟𝑟 𝑟𝑟0⁄ )𝑒𝑒−(𝑟𝑟 𝑤𝑤0⁄ )2𝑒𝑒±i𝜈𝜈𝜈𝜈𝑒𝑒−i(𝑘𝑘𝑥𝑥𝑥𝑥+𝑘𝑘𝑦𝑦𝑦𝑦)d𝑥𝑥d𝑥𝑥∞−∞  
 = 𝑎𝑎0 � 𝐽𝐽𝜈𝜈(𝑟𝑟 𝑟𝑟0⁄ )𝑒𝑒−(𝑟𝑟 𝑤𝑤0⁄ )2 �� 𝑒𝑒±i𝜈𝜈𝜈𝜈𝑒𝑒−i𝑘𝑘⊥𝑟𝑟 cos(𝜓𝜓−𝜈𝜈)d𝜑𝜑2𝜋𝜋
𝜑𝜑=0
� 𝑟𝑟d𝑟𝑟∞
𝑟𝑟=0
 
 = 𝑎𝑎0 � 𝐽𝐽𝜈𝜈(𝑟𝑟 𝑟𝑟0⁄ )𝑒𝑒−(𝑟𝑟 𝑤𝑤0⁄ )2�𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋) ∫ 𝑒𝑒−i𝜈𝜈𝜈𝜈𝑒𝑒i𝑘𝑘⊥𝑟𝑟 sin𝜈𝜈d𝜈𝜈2𝜋𝜋𝜃𝜃=0 �𝑟𝑟d𝑟𝑟∞𝑟𝑟=0  
 = 2𝜋𝜋𝑎𝑎0𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋) � 𝐽𝐽𝜈𝜈(𝑟𝑟 𝑟𝑟0⁄ )𝐽𝐽𝜈𝜈(𝑘𝑘⊥𝑟𝑟)𝑒𝑒−(𝑟𝑟 𝑤𝑤0⁄ )2𝑟𝑟d𝑟𝑟∞
0
 
 = 𝜋𝜋𝑎𝑎0𝑤𝑤02𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋)𝑒𝑒−𝑤𝑤02(𝑘𝑘⊥2+𝑟𝑟0−2) 4⁄ 𝐼𝐼𝜈𝜈 �𝑤𝑤02𝑘𝑘⊥2𝑟𝑟0 �. (E5) 
The inverse Fourier transform identity may now be confirmed with the aid of Eq.(E2); that is, 
 (2𝜋𝜋)−2� 𝜋𝜋𝑎𝑎0𝑤𝑤02𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋)𝑒𝑒−𝑤𝑤02(𝑘𝑘⊥2+𝑟𝑟0−2) 4⁄ 𝐼𝐼𝜈𝜈 �𝑤𝑤02𝑘𝑘⊥2𝑟𝑟0 � 𝑒𝑒i(𝑘𝑘𝑥𝑥𝑥𝑥+𝑘𝑘𝑦𝑦𝑦𝑦)d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦∞−∞  
 = 𝑎𝑎0𝑤𝑤02𝑒𝑒−(𝑤𝑤0 2𝑟𝑟0⁄ )2
4𝜋𝜋
� 𝑒𝑒−(𝑤𝑤0𝑘𝑘⊥ 2⁄ )2𝐼𝐼𝜈𝜈 �𝑤𝑤02𝑘𝑘⊥2𝑟𝑟0 � �� 𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋)𝑒𝑒i𝑘𝑘⊥𝑟𝑟 cos(𝜈𝜈−𝜓𝜓)d𝜓𝜓2𝜋𝜋𝜓𝜓=0 � 𝑘𝑘⊥d𝑘𝑘⊥∞𝑘𝑘⊥=0  
 = ½𝑎𝑎0𝑤𝑤02𝑒𝑒−(𝑤𝑤0 2𝑟𝑟0⁄ )2𝑒𝑒±i𝜈𝜈𝜈𝜈 � 𝑒𝑒−(𝑤𝑤0𝑘𝑘⊥ 2⁄ )2𝐼𝐼𝜈𝜈 �𝑤𝑤02𝑘𝑘⊥2𝑟𝑟0 � 𝐽𝐽𝜈𝜈(𝑘𝑘⊥𝑟𝑟)𝑘𝑘⊥d𝑘𝑘⊥∞0  
 = 𝑎𝑎0 𝐽𝐽𝜈𝜈(𝑟𝑟 𝑟𝑟0⁄ )𝑒𝑒−(𝑟𝑟 𝑤𝑤0⁄ )2𝑒𝑒±i𝜈𝜈𝜈𝜈. (E6) 
Upon propagation in free space, the beam profile (in the paraxial approximation) becomes 
 𝑎𝑎(𝑥𝑥,𝑥𝑥, 𝑧𝑧) = (2𝜋𝜋)−2� 𝜋𝜋𝑎𝑎0𝑤𝑤02𝑒𝑒i𝜈𝜈(±𝜓𝜓−½𝜋𝜋)𝑒𝑒−𝑤𝑤02(𝑘𝑘⊥2+𝑟𝑟0−2) 4⁄ 𝐼𝐼𝜈𝜈 �𝑤𝑤02𝑘𝑘⊥2𝑟𝑟0 � 𝑒𝑒i(𝑘𝑘𝑥𝑥𝑥𝑥+𝑘𝑘𝑦𝑦𝑦𝑦+𝑘𝑘𝑧𝑧𝑧𝑧)d𝑘𝑘𝑥𝑥d𝑘𝑘𝑦𝑦∞−∞  
𝐼𝐼𝜈𝜈(𝑥𝑥) = i−𝜈𝜈𝐽𝐽𝜈𝜈(i𝑥𝑥) 
is a modified Bessel 
function of the first 
kind, order 𝜈𝜈. 
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 ≅ ½𝑎𝑎0𝑤𝑤02𝑒𝑒−(𝑤𝑤0 2𝑟𝑟0⁄ )2𝑒𝑒±i𝜈𝜈𝜈𝜈 � 𝑒𝑒−(𝑤𝑤0𝑘𝑘⊥ 2⁄ )2𝐼𝐼𝜈𝜈 �𝑤𝑤02𝑘𝑘⊥2𝑟𝑟0 � 𝐽𝐽𝜈𝜈(𝑘𝑘⊥𝑟𝑟)𝑒𝑒i𝑘𝑘0[1−½(𝑘𝑘⊥ 𝑘𝑘0⁄ )2]𝑧𝑧𝑘𝑘⊥d𝑘𝑘⊥∞𝑘𝑘⊥=0  
 = ½𝑎𝑎0𝑤𝑤02𝑒𝑒−(𝑤𝑤0 2𝑟𝑟0⁄ )2𝑒𝑒±i𝜈𝜈𝜈𝜈𝑒𝑒i𝑘𝑘0𝑧𝑧 � 𝑒𝑒−[𝑤𝑤02+i(2𝑧𝑧 𝑘𝑘0⁄ )]𝑘𝑘⊥2 4⁄ 𝐼𝐼𝜈𝜈 �𝑤𝑤02𝑘𝑘⊥2𝑟𝑟0 � 𝐽𝐽𝜈𝜈(𝑘𝑘⊥𝑟𝑟)𝑘𝑘⊥d𝑘𝑘⊥∞0  
 = 𝑎𝑎0 exp(i𝑘𝑘0𝑧𝑧)
1 + i(2𝑧𝑧 𝑘𝑘0𝑤𝑤02⁄ ) 𝐽𝐽𝜈𝜈 � 𝑟𝑟 𝑟𝑟0⁄1 + i(2𝑧𝑧 𝑘𝑘0⁄ 𝑤𝑤02)� exp �− (𝑟𝑟 𝑤𝑤0⁄ )2+ i(𝑧𝑧 2𝑘𝑘0𝑟𝑟02⁄ )1 + i(2𝑧𝑧 𝑘𝑘0𝑤𝑤02⁄ ) � 𝑒𝑒±i𝜈𝜈𝜈𝜈. (E7) 
Note that, at 𝑧𝑧 ≠ 0, the argument of the Bessel function is complex-valued, indicating that the 
beam profile is no longer a scaled version of what it was at 𝑧𝑧 = 0. This is a main difference between 
Bessel-Gauss and Laguerre-Gauss beams, where the latter retain the general beam profile at all 
values of 𝑧𝑧. Nevertheless, so long as 𝑘𝑘0𝑧𝑧 ≪ (𝑘𝑘0𝑤𝑤0)2, the argument of 𝐽𝐽𝜈𝜈(∙) in Eq.(E7) remains, to 
good approximation, nearly the same as 𝑟𝑟 𝑟𝑟0⁄ , indicating that, for short propagation distances, the 
essential diffraction-free nature of pure Bessel beams is preserved. In the far field, however, the 
Bessel function’s argument approaches a purely imaginary value, turning the cross-sectional profile 
of the beam into 𝐼𝐼𝜈𝜈(𝑘𝑘0𝑤𝑤02𝑟𝑟 2𝑟𝑟0𝑧𝑧⁄ ), which, in combination with the Gaussian envelope, produces a 
bright ring of light in the far field. 
Note that the exponential factor in Eq.(E7) has a real part, which is associated with the 
Gaussian envelope of the beam, and an imaginary part, which produces the wavefront curvature. 
When separated into its real and imaginary parts, the exponential factor in Eq.(E7) becomes 
 exp �− 𝑟𝑟2 + (𝑧𝑧 𝑘𝑘0𝑟𝑟0⁄ )2 
𝑤𝑤0
2 + (2𝑧𝑧 𝑘𝑘0𝑤𝑤0⁄ )2� exp �i  (𝑟𝑟 𝑤𝑤0⁄ )2 − (𝑤𝑤0 2𝑟𝑟0⁄ )2(𝑘𝑘0𝑤𝑤02 2𝑧𝑧⁄ ) + (2𝑧𝑧 𝑘𝑘0⁄ 𝑤𝑤02)�. (E8) 
Aside from the curvature phase-factor and the intrinsic phase associated with a Bessel function 
of complex argument, the only other 𝑧𝑧-dependent phase-factor in Eq.(E7) derives from the leading 
coefficient, namely, exp{i[𝑘𝑘0𝑧𝑧 − tan−1(2𝑧𝑧 𝑘𝑘0𝑤𝑤02⁄ )]}. 
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